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Abstract

In this thesis we consider a three-dimensional packing problem arising
industry. The task is to pack a maximum number of rigid boxes with side
length ratios of 4 : 2 : 1into an irregularly shaped container. Motivated by
the structure of manually constructed packings so far, we pursel a discrete
approach. We discretize the shape of the container as well as thetsof
possible box placements. This discrete packing problem can be receitto a
maximum stable set problem.

First we formulate the problem as an integer linear program, which ad
mittedly can only be solved to optimality within reasonable runtime for very
small instances. Therefore, we present several heuristics basdor example,
on the linear programming relaxation or on local search. Other heustics
generate tight packings for the core of the container, thereby educing the
problem to a set of smaller subproblems.

We compare all presented algorithms on real data sets. We achievery
good results for the majority of instances and for some instancewe even
surpass the manually constructed solutions.

Zusammenfassung

In dieser Arbeit behandeln wir ein dreidimensionales Packungsproblemua
der Industrie. Die Aufgabe besteht darin, méglichst viele starre Quder mit
einem Seitenverhaltnis von4 : 2 . 1in einen unregelmayig geformten Con-
tainer zu packen. Motiviert durch die Struktur der bisher manuell erstellten
Packungen verfolgen wir einen diskreten Losungsansatz. Dazu digtisieren
wir sowohl die Form des Containers als auch die Platzierungsmdglichiken
der Quader. Dieses diskrete Packungsproblem lasst sich auf die Behnung
einer gréytmoglichen unabhangigen Knotenmenge reduzieren.

Wir formulieren das Problem zunéchst als ganzzahliges lineares Pro-
gramm, das allerdings nur fur sehr kleine Instanzen mit angemesseneRe-
chenaufwand beweisbar optimal geldst werden kann. Daher stellenir ver-
schiedene Heuristiken vor, die zum Beispiel auf einer Relaxierung dgsnz-
zahligen linearen Programms oder lokaler Suche basieren. Andere usti-
ken generieren zunachst dichte Packungen fir den Kern des Caihers und
reduzieren so das Problem auf eine Reihe kleinerer Teilprobleme.

Wir vergleichen alle vorgestellten Algorithmen an Hand realer Datensét
ze. In der Mehrzahl der Falle erreichen wir sehr gute Resultate, beadinigen
Instanzen Ubertre en wir sogar die manuell erstellten Packungen.



Ausfihrliche Zusammenfassung

In der vorliegenden Arbeit behandeln wir ein dreidimensionales Packursy
problem aus der Automobilindustrie. Auf dem europaischen Markt sinl Au-
tomobilhersteller dazu verp ichtet, das Gepéackraumvolumen eines RWs
entsprechend den Regelungen in der Norm DIN 70020 zu bestimmendiau
verd entlichen. Diese Norm schreibt vor, den Ko erraum mit starr en Qua-
dern der Groye 200mm£ 100mm£ 50mm zu packen. Das Gepackraum-
volumen des Ko erraums wird dann als das durch die Quader Uberdégte
Volumen de niert. Das so ermittelte Gepackraumvolumen ist ein wichtiges
Verkaufsargument; dementsprechend wird von den Automobilhestellern viel
Aufwand betrieben, um einen mdglichst hohen Wert zu erreichen.

Das Ziel des dieser Arbeit zu Grunde liegenden Projektes mit einem iat-
nationalen Automobilhersteller ist es, ein Softwarepaket zu entwickln, um
das Gepackraumvolumen eines PKWs in Ubereinstimmung mit der Norm
DIN 70020 zu bestimmen. Die Anwendung soll abgesehen von einer \ba&-
reitungphase keine Benutzerinteraktion erfordern und muss oha Experten-
wissen zu bedienen sein. Die Gute der berechneten Losungen soll voanuell
durch Experten konstruierten Packungen um nicht mehr als ein Praent bzw.
zehn Litern nach unten abweichen.

Die unregelméayige Form des Ko erraums ist ein wesentlicher Untergdded
zu der Mehrzahl der in der Literatur betrachteten Packungsprolbeme. Mo-
tiviert durch die bisher manuell erstellten Packungen verfolgen wir indieser
Arbeit einen diskreten Losungsansatz. Wir zeigen, dass bereits eingstére-
te Variante des eigentlichen PackungsproblemBIP -vollstandig ist. Fur diese
diskrete Variante existiert ein Approximationsschema mit polynomielle Zeit-
komplexitat, das fur die in der Praxis auftretenden Problemgréyerallerdings
nicht geeignet ist.

Die Diskretisierung erfolgt in zwei Schritten: Zunachst approximieen wir
das Innere des Ko erraums durch ein dreidimensionales, kubischesiiter.
Diese Approximation erfordert besondere Sorgfalt, da die geomesche Be-
schreibung des Ko erraums verschiedene Arten von Mangeln aufeist. Wei-
terhin schranken wir in der diskreten Problemstellung die mdglichen Psitio-
nen und Orientierungen der Quader ein, so dass alle Quader an denléa
des Gitters ausgerichtet sind. Wir verwenden e ziente Implementierungen
der notwendigen geometrischen Pradikate und beschreiben Algohinen, um
die Informationen einer vorhandenen Approximation bei einer Veraderung
ihrer Parameter zu aktualisieren. Diese beiden Komponenten verween wir,
um eine moglichst gut geeignete Approximation des Ko erraums zu beech-
nen.

Das diskrete Packungsproblem lasst sich zurtickfihren auf die Bech-
nung einer moglichst groyen unabhéngigen Knotenmenge (stable tein
dem zugehorigen Kon iktgraphen. Wir formulieren das Problem zunacist
als ganzzahliges lineares Programm und erhalten damit einen Algorithus,



der das Packungsproblem optimal I16sen kann. In der Praxis stellt sicfedoch
heraus, dass selbst mit marktfihrenden Softwarebibliotheken ilganzzahlige
lineare Programme nur kleine Probleminstanzen mit angemessenem &en-
aufwand beweisbar optimal geldst werden kénnen. Dennoch ist eirokher
exakter Algorithmus nutzlich fir kleinere Teilprobleme.

Aus diesem Grund prasentieren wir verschiedene Heuristiken. Diedas-
sen sich in zwei Kategorien unterteilen: direkte Ansétze, die das R&ungs-
problem in seiner Vollstandigkeit [6sen kénnen, und indirekte Ansatzedie
das Packungsproblem auf eine Menge kleinerer Teilprobleme reduzésr.

Wir stellen zunachst eine einfache Greedy-Heuristik vor, deren Erdmisse
allerdings hinter den Erwartungen zurtickbleiben. Weiterhin prasetieren wir
einen Algorithmus, der iterativ die Informationen des wesentlich einfaher zu
I6senden kontinuierlichen linearen Programms nutzt um die Problemgiye zu
reduzieren. Sobald die Problemgrdye hinreichend reduziert wurdayird das
verbleibende Teilproblem durch ein ganzzahliges lineares Programm timal
geldst. Schlieylich stellen wir einen auf lokaler Suche basierenden Algibr
mus vor. Dieser Algorithmus beinhaltet einen Rickkopplungsmechaamus
zur Vermeidung von Zyklen. Regelmayige Neustarts helfen dabei edrbreite
Abdeckung des Suchraums zu erreichen. Die Liste der direkten Antze wird
durch eine einfache Heuristik erganzt, die sich an der geometrisahd=orm
des Ko erraums orientiert.

Als indirekte Ansatze stellen wir zwei einfache Heuristiken vor, die zu
nachst das Innere des Ko erraums mit dichten, regelméyigen Packugen
fullen. Dadurch entstehen Teilprobleme unterschiedlicher Zahl undGroye,
die wir durch einen der zuvor vorgestellten direkten Ansétze l6serkin drit-
ter indirekter Ansatz unterteilt den Ko erraum in mehrere Regionen, die
sequentiell gepackt werden. Um den durch die Unterteilung entsteenden
Verschnitt zu reduzieren, ist es dabei notwendig, die Regionen nithunab-
hangig voneinander zu behandeln und die Platzierung der Quader innlealb
der Regionen gezielt zu beein ussen.

Wir untersuchen an Hand realer Datensétze aus der Praxis zunachser-
schiedene Varianten und Implementierungsdetails der vorgestellteAlgorith-
men. Die so gewonnenen Erkenntnisse verwenden wir, um die Algoritinen
auf die typischen Instanzen abzustimmen. Wir zeigen an einem praktiben
Beispiel, dass es oft vorteilhaft ist, bestimmte kleinere Bereiche deso er-
raums zunachst getrennt zu behandeln (inklusive eigener Approxiation).
Schlieylich vergleichen wir verschiedene Kombinationen der vorgeslien Al-
gorithmen hinsichtlich der Qualitat und Struktur der Lésungen als auch der
dazu bendtigten Rechenzeit. In der Mehrzahl der Félle erreichen widie ge-
forderte Losungsglte, in manchen Fallen Ubertre en wir sogar die mnuell
von Experten zur Verfiigung gestellten Packungen.

Alle in dieser Arbeit beschriebenen Algorithmen wurden in einem ein-
fach zu bedienenden Softwarepaket integriert. Dieses Softwaraket ist in
der Entwicklungsphase neuer Fahrzeuge bei unserem Kooperatigpartner
im Einsatz.
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Chapter 1

Introduction

In this thesis we present a combinatorial approach to a real-world peking
problem which arises in car industry. The task is to pack a maximum num
ber of uniform rigid boxes into the interior of a car trunk. This problem is
of practical importance due to a German standard which requires ar man-
ufactures to state the trunk volume according to this measure.

The details are set forth in the German standard DIN 70020 [Deu93],
which is also used in several other European countries. This standéde nes
the size of such a box a200mmE 100mmE 50mm, i.e., each box has a volume
of exactly one liter. A set of such boxes and a partial packing of a earunk
can be seen in Figuré 1)1.

S RS

(a) boxes (b) partial packing

Figure 1.1: Measurement of the trunk volume according to DIN 70020

The standard de nes the volume of the trunk (to be more precise, i
luggage capacity as the volume that is covered by the boxes packed into the
trunk. The volume obtained by this discrete measurement is signi catly
smaller than the continuous volume of the trunk. The motivation for this
standard is the fact that the luggage usually to be stored is also disete

13



14 CHAPTER 1. INTRODUCTION

and the continuous volume of the trunk does not re ect its e ective storage
capacity. The American standard SAE J1100 actually uses a standdized
luggage set to de ne the luggage capacity of the trunk (see Sectidh.2).

European car manufactures are required to publish the trunk volme ac-
cording to DIN 70020. This discrete volume is an important sales arguent,
and therefore much time is spent on achieving a high volume.

Up to now, this problem has been manually solved with a lot of e ort,
either with a real-world model (physical mockup or virtually within a CAD
system (digital mockup). In both cases, experienced engineers spend one or
two days to nd a satisfying solution for this packing problem. Large models,
e.g., minivans, require even up to a week of manpower.

A measurement of the trunk volume is not performed only once, but
multiple times during the design phase of a new car. Any changes of ¢h
geometry need to be evaluated with respect to their impact on the runk
volume. Therefore, an automated solution is highly desirable.

The goal of our project in cooperation with a large international ca man-
ufacturer is to develop an industrial-strength system that allows b compute
the trunk volume according to DIN 70020. The key requirements of lie
system are:

2 Validity The boxes must not intersect each other. Additionally, the
boxes must not pierce the boundary of the trunk by more than a pe-
de ned threshold, which models the deformability of the trunk.

2 Quality The number of boxes should be as high as possible. It should
never fall short of the solution of an expert by more than 1% or 10 liers.

2 Usability Ease-of-use is important; expert knowledge should not be
necessary for operation. With the exception of an initial preprocesing
phase, the system must work non-interactively.

2 Runtime The solution for a problem instance should be computed
within a time-frame of about one day.

2 Data Import The system has to cope with the data exported from the
CAD system. The geometry of the trunk is given as a set of triangles
which exhibits di erent types of de ciencies and in general does not
form a manifold. There is no notion ofinside and outside the trunk in
the data.

Apart from the main objective of maximizing the number of packed
boxes, there are two additional objectives of minor importance. Fst, among
all packings of the same cardinality, solutions with an easily recognizae
structure are preferred. If possible, the boxes (or a majority tlereof) should
be aligned with the axes of a common coordinate system. This requimgent
helps to reproduce a computed solution in reality with a physical moclp.
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Second, if possible, packings should b&ght, i.e., there should be no
uncovered space dap9 in between of two boxes. Gaps should be avoided
because they do not contribute to the discrete volume and cannobe used
otherwise. If the packing is tight, and hence the uncovered space ©ose
to the boundary of the trunk, one can easily identify regions of thetrunk
geometry suited for modi cations. For example, one can identify regpns
where a small enlargement of the trunk allows to pack additional bogs.

1.1 Previous Work

Packing problems arise in many di erent elds of application. Consequaitly,
a large number of terms related to packing are known in the literatue, e.g.,
knapsack, bin packing, scheduling, pallet loading, stock cutting, gip pack-
ing, circuit board layout, nesting, VLSI design, map labeling, packagim,
container stu ng, FPGA con guration, vehicle loading, and spatial a rrange-
ment. In general, a packing problem deals with the placement of comp@nts
in an available space while optimizing a set of objectives and satisfyingpe
tional constraints.

Dyckhoff  presents in [Dyc90] a typology for a large variety of cutting
and packing problems. In such a general setting, the terrsmall item denotes
the bodies that are to be packed (in our case: the boxes). The ter large
objects (also calledcontainer) is used to denote the set of bodies in which the
small items are packed. In our case, there is a single large object,ghrunk.
In this typology, our problem can be classi ed as 3/B/O/C, i.e., it is a thre e-
dimensional problem (3), a subset of the small items is to be packed tm a
given large object (B), there is a single large object (O), and the itms have
congruent shape (C).Dyckhoff  also discusses other criteria not covered by
this classi cation string, e.g., quantity measurement (discrete, cotinuous),
shapes of the items and objects (form, size, orientation), patte restrictions
and objectives. In our case, the container has an irregular shapend varies
in size. The items are identical and have a regular, cuboid shape of xk
side lengths. There are no restrictions on the orientation of the itms.

Extensive bibliographies of cutting and packing problems can be fouh
in [SP92] and [DST97]. A review of solutions for practical packing prolems
was given by Dowsland and Dowsland [DD92]. The survey of Cagan
et. al [CSYO02] focuses on three-dimensional packing problems witbom-
plex, non-cuboid shapes. They discuss dierent types of algorithrs, e.g.,
heuristics, branch-and-bound approaches, genetic algorithmsimulated an-
nealing, and extended pattern search methods. The survey alsmwers the
representation of geometric objects and predicate evaluation.

Fowler et al. [FPT81] have shown that already the two-dimensional
problem of packing unit squares into a polygon with holes isNP-complete.
A polynomial-time approximation scheme for this problem was given by



16 CHAPTER 1. INTRODUCTION

Hochbaum and Maas [HM85]. It was conjectured by Baur and Fekete
in [BFO1] that the simpli ed problem for simple polygons without holes is
in P, but until now, this question is still open. A list of open problems
in computational geometry is maintained by the Open Problems Projet
[DMQO]. In particular, see items 55 (pallet loading) and 56 (packing unit
squares in a simple polygon).

It is unknown, whether the unrestricted pallet loading problem, i.e., pack-
ing small (a £ b)-rectangles orthogonally into a large(A £ B)-rectangle, is
contained in NP at all [Nel93]. This is due to the fact that the representation
of an optimal solution might be very complex compared to the terse epre-
sentation of the input. The restricted pallet loading problem allows ory
orthogonal guillotine patterns, which are obtained by a series of gilotine
cuts, i.e., cuts from one edge of a previously cut rectangle to the posite
edge. A polynomial-time algorithm for the restricted pallet loading prablem
has been given byTarnowski et al. [TTS94].

Closely related to packing problems are maximum stable set and max-
imum cliqgue problems. A broad survey on these problems was writtenyb
Bomze et al. [BBPP99]. They state integer programming as well as contin-
uous problem formulations. The survey contains an extensive disagion of
exact algorithms as well as heuristics. The maximum stable set probhe is
NP -complete [GJ79]. An exact algorithm with time complexity O(20:276)
was given byRobson [Rob86], improving an earlier result by Tarjan  and
Trojanowski  [TT77].

Schepers [Sch97] andFekete et al. [FKTO1] consider a three-dimen-
sional bin packing problem with non-congruent cuboid items. They pesent
a graph theoretic characterization packing classe} of feasible packings and
develop e cient lower bounds. These techniques allow a drastic redction
of the search space.

1.2 Related Work

In this section we present two closely related elds of work: a continuas
approach for our packing problem, and a di erent trunk packing problem
resulting from a standard of the Society of Automotive Engineers $AE).

A Continuous Approach A completely di erent approach to our pack-
ing problem was pursued byEisenbrand et al. [EFK* 05]. This approach
termed Specialized Grand Canonical Simulated Annealing (SGCSAgllows
arbitrary position and orientation of the boxes. Later, the approach was
further improved and automated by Rieskamp [Rie05].

Approaches based on simulated annealing [KGV83] use ftential func-
tion to evaluate con gurations, i.e., the position and orientation of the baxes.
Valid con gurations should result in a low potential, whereas invalid con g-



1.2. RELATED WORK 17

urations should be assigned high potential values. In this applicationthe
potential function consists of three factors, theinterpenetration depth and
the interpenetration volume of box pairs, as well as thewall potential, i.e.,
the penetration of the exterior. The goal is to nd a global minimum of the
potential function.

The SGCSA approach uses the Monte Carlo importance sampling algo-
rithm [MRR * 53] to explore the con guration space. Given a con guration,
the algorithm performs a trial move to a nearby con guration. If the po-
tential decreases, the new con guration is accepted. Otherwisethe new
con guration is accepted with probability p = € G U, where ¢ U denotes
the increase in the potential. The acceptance of worse con guratias is cru-
cial to escape from local minima. The parameter > 0 is called inverse
temperature and controls the probability of moves increasing the potential.
The value of  starts at a low value and is increased during the simulation ac-
cording to a given schedule, thereby reducing the probability of uphl moves
towards the end of the simulation.

The basic simulated annealing approach has been extended to handhe
creation of boxes at promising positions as well as the destructionfdoxes
with a high penetration. Di erent classes of moves speci cally tailoredto
the problem have been proposed to improve the performance.

While the continuous approach on its own yields unsatisfying results, it
demonstrates its strength in conjunction with the discrete apprach. Using a
good combinatorial packing as initial solution drastically reduces theuntime
of the continuous approach. Since the current implementation of GCSA
handles only small to mid-size instances in the given time limit, it is best
applied to unsatisfying parts of a combinatorial solution. The benet of
arbitrary box placements can be most prominently perceived in regins with
a complicated local geometry. Examples include small side-compartemts
holding tightly a few boxes (see Figure 1.2) or models with a curved lid.

Both the discrete as well as the continuous approach are implemead in
the software system used by our industrial partner. Using both aproaches
we meet all prescribed quality requirements.

The SAE packing problem Ding and Cagan [DCO03] consider a closely
related packing problem: The American standard SAE J1100 [SocOdE nes
the interior volume index, which is used to classify cars as subcompact,
compact, mid-size or full-size cars. The volume of the trunk is one ahany
factors in uencing this index. The standard de nes a standard luggage set
containing di erent types of luggage and a golf bag. With the exceptim
of the golf bag, all luggage types are modeled as boxes of xed sizeeés
Table 1.1 for details). Wood replicas of the boxes and a partial packig are
shown in Figure[1.3. The luggage capacity of the trunk is de ned as the
volume covered by items from the standard luggage set that can bpacked
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(a) discrete solution (b) continuous solution

Figure 1.2: Improvement due to arbitrary placements. In regions witha
complicated geometry a discrete packing can often be improved byllawing
boxes with arbitrary positions and orientations.

into the trunk. To make the distinction, we refer to this packing problem as
SAE packing problemand to the boxes asSAE boxes

Ding and Cagan [DCO03] use an extended pattern search algorithm to
attack the SAE packing problem. The basic pattern search algoritm is a
deterministic direct search algorithm, which was rst introduced by Hooke
and Jeeves [HJ61] (see also [TT97]). It allows the local minimization of a
real-valued function in n variables using only function evaluations. Given an
initial point, a step length, and a set of pattern directions, the algaithm per-
forms a series of exploratory moves corresponding to the patterdirections.
If a new minimum is found, it is adopted as new base point from which the
next iteration of exploratory moves starts. If no better solution is found, the
step length is reduced.

luggage size mm] volume [m?] | letter | no.
Men's 2-suiter 229£ 483£ 610 0.067 A 4
Women's overnight 165£ 330£ 457 0.025 B 4
Women's pullman 229£ 406£ 660 0.061 C 2
Women's wardrobe 216£ 457£ 533 0.053 D 2
Women's train case| 203£ 229£ 381 0.018 E 2
Men's overnight 178£ 356£ 533 0.034 F 2
Golf bag Y2 1143£ 204£ 204 0.043 G 2
H-boxes 152£ 114£ 325 0.006 H 20

Table 1.1: Standard luggage set according to SAE J1100. The golf gehas
non-cuboid shape; hence the given values are the sizes of the bding box.
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(a) standard luggage set (selected subset) (b) partial packing

Figure 1.3: Measurement of the trunk volume according to SAE J110

Yin and Cagan use the pattern search algorithm for three-
dimensional packing problems and propose several extensions fperfor-
mance improvement. The obtained results are superior to those @ sim-
ulated annealing approach. Ding and Cagan [DCO03] apply the extended
pattern search algorithm to the SAE packing problem. They incorpaate
problem-speci ¢ enhancements to address the di culties. Unfortunately,
the results are not compared with solutions obtained by human exps.

1.3 Our Contribution

In this thesis we present a combinatorial approach to a three-dimesional
real-world packing problem. The task is to pack a maximum number ofigid
boxes with side length ratios4 : 2 : 1into the trunk of a car. Apart from the
work described in Section 1.2, no fully automated solutions for this ppblem
are known.

In contrast to many other packing problems studied in the literature,
our container has an irregular, non-cuboid shape. Moreover, thaumber of
items to be packed is very high.

As a theoretical result we show that our packing problem idNP -complete
and present a polynomial-time approximation scheme. Unfortunatly, this
approximation scheme is not suited for instances of typical size, lut inspires
a similar heuristic.

Motivated by packings produced by human experts so far, we disetize
the problem in a two-fold way: We approximate the shape of the trurk by
a three-dimensional cubic grid. Furthermore, we restrict the po#ions and
orientations of the boxes to those aligned with the grid. This discre¢ packing
problem can be reduced to a maximum stable set problem.
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The approximation of the trunk requires special care, since the dsrip-
tion of the trunk geometry contains several kinds of de ciencies, @., holes,
dangling faces, and self-intersections. There is also no notion of idg or out-
side the trunk in the input data. We present an approach to approxmate
the shape of the trunk despite these di culties.

We present di erent algorithms for the discrete packing problem, &act
ones as well as heuristics. First we formulate the problem as an integ
linear program (ILP). Typical problem instances are too complex for ate-
of-the-art ILP solvers, but an exact algorithm is still important for s maller
subproblems. We also present a greedy algorithm as well as heurigtibased
on linear programming and local search. Other heuristics generatéght
packings for the core of the trunk, thereby reducing the problemto a set of
smaller subproblems.

Real-world data sets are used to study the performance of our abg
rithms with respect to algorithmic variants and implementation details. We
compare our results with packings manually constructed by humangerts.
In most cases, our results meet the prescribed quality bounds. Fasome
instances, we signi cantly outperform the expert solutions. All presented
algorithms are implemented in an industrial-strength software sysem which
is used by our project partner in the design process of new cars.

The remainder of this work is structured as follows: In Chapter 2 we
de ne the packing problem from a formal point of view. We proof that
the problem is NP -complete and present a polynomial-time approximation
scheme.

Chapter [3 deals with several preprocessing steps. We explain theath
import and point out several types of de ciencies in the input data. We
present a simple heuristic to reconstruct the face normals and int/duce a
space partition for performance improvements.

We discuss the discretization process in Chapter'4. First, we prese
e cient algorithms for the fundamental geometric predicates. We explain
how to compute an inner approximation of the trunk in the presenceof
de ciencies in the input data. Given such an approximation by a cubic gid,
we discuss how to e ciently update the computed information after a change
of the geometric parameters of the grid. Based on this, we discussow to
obtain a good discretization.

In Chapter 5 we present di erent combinatorial algorithms for our dis-
crete packing problem. The set of algorithms is divided into two classe the
direct approaches, which can solve an instance on its own, and thewie-
and-conquer approaches, which need a direct approach to solvmaller sub-
problems.

We evaluate the presented algorithms on real-world instances in Clpa
ter’6. We use a small set of models to discuss the impact of severadgarithm
variants and implementation details. We also present a simple technigei to
reduce the e ect of the restrictions due to the discretization. A lager set
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of instances is used to compare the results of our algorithms to pkings
manually constructed by human experts.
Finally, we give a conclusion and present some directions for furthexork.

1.4 Notation
In this section we brie y introduce the notation that is used in this work.

2 Scalars are written as lower-case letters, such am, n, X, y, z and , .
The letters i, j, k, I, m and n are used for integral values.

2 \Vectors are denoted by lower-case bold-face letters, such asb andc.
A vector a 2 R" is usually viewed as a column vector

0 1
az
az
a= ) :
an

Row vectors are written as transposed column vectors, such as'.
The scalar product of two vectorsa and b is written as a'b.

2 Matrices are written as bold-face upper-case letters, such a&, B
and C. The transposed matrix of A is denoted asAT. The identity
matrix is written as |.

2 Sets are denoted by upper-case letters, such &, B and C. The script
letter C denotes sets of cliques, i.e., sets of node sets. The script letter
G is used to denote grids (which can also be seen as sets of cells), in
contrast to the letter G, which denotes graphs.
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Chapter 2

Theoretical Results

2.1 Problem De nition

A rst de nition of the central problem from an industrial point of view has
already been presented in Chapter 1. In this section, we de ne the mblem
formally. We also introduce a few other important terms.

The central problem considered in this work is theContinuous-Box-
Packing problem:

De nition 2.1 (  Continuous-Box-Packing optimization variant).
Given a polyhedral domainP p R2 homeomorphic to a ball, compute a max-
imum packing of boxes of sizd £ 2£ 1.

De nition 2.2 ( Continuous-Box-Packing decision variant).  Giv-
en a polyhedral domainP p R homeomorphic to a ball, andk 2 N, decide
whether there is a packing of at least boxes of sizd£ 2£ 1.

The volume to be packed is given by a polyhedral domain, i.e., a con-
nected region in three-dimensional space bounded by linear elementNote
that this domain is not necessarily convex nor star-shaped. For tgical in-
stances, the domain is homeomorphic to a ball, but we also consider lsu
problems for which this is not the case.

For the purpose of tight packing patterns, we allow lower-dimensioal
intersections among the boxes. Alternatively, one could considerne boxes
as open sets.

By scaling the input we can replace the xed side lengths 02200mm,
100mm and 50mm by small integers. The scaling maintains the integral
side length ratios which are very important for our discretization process
later. Most of the presented algorithms work for arbitrary integral side
length ratios, while one algorithm is speci cally designed for the given réos
4:2:1

Note that De nition 2.1 contains a single objective, namely maximization
of the number of boxes. Additional objectives like orientation and elative

23
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position of the boxes have been omitted. In this work, we concentta on
maximizing the size of the packing. We keep the additional objectivesn
mind and evaluate the presented algorithms also with respect to thee ob-
jectives.

In this thesis we focus on discrete approaches for the trunk packgprob-
lem. Hence we next introduce theDiscrete-Box-Packing problem, which
is a discrete variant of the Continuous-Box-Packing problem.

De nition 2.3 ( Discrete-Box-Packing optimization variant).

Given an orthogonal, cubic gridG with unit spacing, a subsetl of the grid
cells andn 2 N, compute a maximum packing of cell-aligned boxes with side
lengths4n, 2n and n such that only cells inl are covered and each cell in

is covered by at most one box.

De nition 2.4 ( Discrete-Box-Packing decision variant). Given

an orthogonal, cubic gridG with unit spacing, a subset of the grid cells and
k;n 2 N, decide whether there is a packing of at lea¥t cell-aligned boxes
with side lengths4n, 2n and n such that only cells inl are covered and each
cell in | is covered by at most one box.

The Discrete-Box-Packing problem restricts the original problem in
a two-fold way. The polyhedral domain P is restricted to the union of cells
in 1, i.e., to a union of unit cubes. Furthermore, the allowed orientations
and positions of the boxes have been drastically reduced. In the diste
setting, there are only six possible orientations per box. The set gbossible
positions has been restricted to those for which the boundary oftte box is
aligned with cell boundaries.

Note that all grids considered in this work have orthogonal axes. Irthe
following, we omit the adjective orthogonal for simplicity.

We show in Section 2.2 that theContinuous-Box-Packing problem is
NP -hard and that the Discrete-Box-Packing problem is NP -complete.
We refer to Section 4.1 for further discussion of th®iscrete-Box-Packing
problem.

In the remainder of this section we want to introduce the maximum
stable set problem which is closely related to théDiscrete-Box-Packing
problem.

De nition 2.5 ( Stable Set ). A subsetS of the nodesV of a graph
G = (V;E) is called stable set(or independent sej if S does not contain a
pair of adjacent nodes.

De nition 2.6 ( Maximum Stable Set optimization variant). Giv-
en a graphG = (V; E), compute a stable set oG of maximum size.

De nition 2.7 ( Maximum Stable Set decision variant). Given a
graph G = (V;E) and k 2 N, decide whetherG has a stable set of sizk.
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Maximum stable set problems are well-studied (see [BBPP99] for a beal
survey). The maximum stable set problem isNP -complete [GJ79].

Stable set problems are closely related to discrete packing problem¥his
relation becomes apparent in the concept of theon ict graph (also called
intersection graph).

De nition 2.8 (  Conflict Graph ). Let X be a nite set of geometric
objects with xed positions. The conict graph G = (V;E) of X is de ned
as follows: For each objec; 2 X, there is a corresponding nodev; 2 V.
Two nodesvi;v; 2 V are adjacent if the interiors of the objectsx; and x;
intersect.

Conict graphs are useful as an alternative representation of disete
packing problems. Actually, we can reduce theDiscrete-Box-Packing
problem to a maximum stable set problem.

Proposition 2.9. The Discrete-Box-Packing problem can be reduced to
a maximum stable set problem in the corresponding con ict gph.

Proof. Let (G, n; 1) denote an instance of theDiscrete-Box-Packing prob-
lem. Let X denote the set of feasible box placements, i.e., the set of cell-
aligned boxes of sizedn £ 2n £ n covering only cells inl. De ne G as the
conict graph of X.
There is a trivial one-to-one relation between solutions of theéDiscrete-

Box-Packing problem (G, n; 1) and the stable sets in the con ict graph G,

in particular every packing of (G;n;l) corresponds to a stable set inG of
the same size and vice versa. O

2.2 NP -completeness

In this section, we prove that the Continuous-Box-Packing problem is
NP-hard and that the Discrete-Box-Packing is NP-complete. In a rst
step, we show that a two-dimensional, discrete version of these @blems is
NP -complete.

De nition 2.10 ( m £ n-Rectangle-Packing ). Given integersk, m,
n2 N m, nand nitesets H p Z?andV u Z?, decide whether it
is possible to pack at leask axis-aligned rectangles of sizen £ n in a way
such that the lower left corner of a horizontal or vertical retangle coincides
with a point in H or V, respectively.

This problem is trivial for m= n=1. For m =2;n =1, the problem is
equivalent to a matching problem for the corresponding con ict gragh, and
hence can be solved in polynomial time [GJ79]. We now turn to the cases
m=n=3andm=6,n=3.



26 CHAPTER 2. THEORETICAL RESULTS

X1 X2 X3

clause region 1
clause region 2

clause regionc

Figure 2.1: High-level view of the con ict graph constructed from a bolean
formula with | variables and c clauses. For each variable there is a node
cycle of even length. These node cycles cross each other at coy&s regions
(marked with dots). The clauses of the formula are representedybclause
regions.

Proposition 2.11. 3 £ 3-Rectangle-Packing and 6 £ 3-Rectangle-
Packing are NP-complete.

Proof. The casem = n = 3 has been shown byFowler et al. in [FPT81]
using a reduction of3-SAT to this problem. We use the same technique here
form=6;n=3.

Suppose we are given a boolean formula in conjunctive normal form

(CNF) with three literals per clause. First we construct a graph and com-
pute a number k, such that the graph has a maximum stable set of siz&
i the formula is satis able. Then we show how to compute the setsH and
V such that the con ict graph of the corresponding packing problem guals
the previously constructed graph. Thus the packing problem has &olution
of sizek i the boolean formula is satis able.

Given a boolean formulaF in CNF, let | denote the number of variables
and c the number of clauses of. We construct a graph as follows: For each
variable x;;1 - i - | there is a cycle of nodes of even length. Such a cycle
has exactly two stable sets of maximum cardinality which correspondo the
two possible assignments ok;. A high-level view of the graph is depicted
in Figure 2.1.

A cycle of nodes consists of intersection-free segments of evemdéh
and crossover regionswhere the paths of two cycles cross each other. These
regions have the property that the size of a stable set can be incased by one
i the variable assignments encoded by the stable set are consisteffor all
branches of the crossover region. In each maximum stable set thesignment
of a variable is propagated to the opposite branch of the crossowveegion,
independently of the assignment of the other variable. See Figuﬁez(a) for
the shape of the graph at crossover regions.
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(a) Conict graph (b) m=n=3 (c)m=6;n=3

Figure 2.2: Crossover region for variableg; and x;. Note that the segments
between two adjacent crossover regions have even length. Eaamaximum
stable set contains exactly one of the four center nodes, and hea the as-
signment of a variable is consistent in both branches, independentlpf the
assignment of the other variable. In gures (b) and (c), the lower lef corners
of feasible placements are marked with a dot. The set of feasible plaments
is constructed such that its con ict graph equals the graph in gure (a)|

For each clause of the formula there is &lause regionwhere the cycles
of the three involved variables are brought into proximity. These rajions
have the property that the size of a stable set can be increased hyne i
the corresponding clause is satis ed. See Figuﬁe 2.3(a) for the shamf the
graph at clause regions.

Let k® be the number of all nodes, excluding the four inner nodes of
crossover regions and the three inner nodes of clause regions. Let

0
k:= > + c+# crossover regions (2.1)

Now it holds that there exists a stable set of sizek i the formula is
satis able. Each variable assignment that satis es the formula induce a
stable set of sizek. On the other hand, each stable set of siz& corresponds
to a variable assignment that satis es the formula.

It is straightforward (but tedious) to compute the sets H and V such
that the conict graph of the corresponding packing problem is the gaph
we just constructed. Details for crossover and clause regions rwébe seen
in Figure and [2.3. This construction can be carried out inO(cl) time
using O(cl) space.

It holds that the given boolean formula F is satis able i the con-
structed instance(H; V; k) of 3£ 3-Rectangle-Packing respectively6£ 3-
Rectangle-Packing has a solution. Them £ n-Rectangle-Packing is
in NP, since a given solution can be veri ed in quadratic time. Henc8£ 3-
Rectangle-Packing and 6 £ 3-Rectangle-Packing are NP -complete.

O
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Figure 2.3: Clause region forx; _ x; _ Xk. If the clause is satis ed, i.e., the
assignment of at least one variable is changed, it is possible to add ormé
the three center nodes to the stable set. In gures (b) and (c), tke lower
left corners of feasible placements are marked with a dot. The sef éeasible
placements is constructed such that its con ict graph equals the gaph in

gure (a).

Note that in the previous proof the values ofm and n are crucial for
the shape of the intersection and clause regions. Similar construons are
possible for allm , nandn , 3. But such a construction does not work for
the casem = n=2.

An alternative proof can be obtained from a result of Berman et al.
[BJL* 90] on generalized planar matchings. Their technique can also be
applied to the remaining casesn, 3, n=1andm, 2, n=2.

Now we are ready to state our main result about theNP -hardness of
the Continuous-Box-Packing problem.

Theorem 2.12. Continuous-Box-Packing is NP-hard.

Proof. We reduce the6£ 3-Rectangle-Packing problem to Continuous-
Box-Packing

Let (k;H;V ) denote an instance of6 £ 3-Rectangle-Packing . Intu-
itively, our approach works as follows: We scale the shape induced lige sets
H and V by % and extrude it into the third dimension with z-coordinates
ranging from 0 to 1. On the bottom of this object we glue a su ciently
large box of height % The size of the box is chosen such that the result
of the construction is homeomorphic to a ball. More formally,P p R3 is
constructed as follows:

[ "2 2 > 2 2 ¢
PH . §X, §X +4 £ éy, §y+2 £ [O, 1], (22)
(xy)2H
[ 2 2 > 2 2 >
Py = =X; §X +2 £ éy, §,y+4 £ [0; 1]; (2.3)

(xy)2Vv
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5

P=Py [ Pv [ XEYE j= 0; (2.4)

NI

where X and Y denote the projection of Py [ Py onto the rst and second
coordinate, respectively.

This construction can be carried out in polynomial time. It is clear that
a projection of a solution for the Continuous-Box-Packing problem onto
the rst two coordinates corresponds to a solution for the6£ 3-Rectangle-
Packing of the same size and vice versa. O

It is unclear whether the Continuous-Box-Packing problem is con-
tained in NP, because there are instances that can be encoded very e ciently
e.g., simple geometric shapes like cuboids. This is similar to the unresttid
pallet loading problem, i.e., packing a maximum number of small(a £ b)-
rectangles into a large(A £ B)-rectangle. The representation of an optimal
solution might be very complex compared to the terse representan of the
input [Nel93].

The NP-completeness of theDiscrete-Box-Packing problem follows
directly from Proposition 2.11.

Theorem 2.13. Discrete-Box-Packing is NP-complete.

Proof. The proof is very similar to the proof of Theorem[2.12. Given an
instance (k;H;V ) of 6 £ 3-Rectangle-Packing , we de ne the polyhedral
domain P as described in that proof. Now we construct an instance of
Discrete-Box-Packing as follows: First we scale the domair by a factor
of two. We choosen = 2, i.e., the boxes have a size @£ 4£ 2. The grid G
is centered at the origin and aligned with the axes of the coordinateystem.
Now the domain P can be decomposed into a set of grid cells. De né& to
be this set.

Given the setsH and V of the 6 £ 3-Rectangle-Packing problem,
the set | can be constructed directly in polynomial time without the ex-
plicit computation of P. A projection of a solution for the Discrete-Box-
Packing problem onto the rst two coordinates corresponds to a solution
for the 6 £ 3-Rectangle-Packing of the same size and vice versa.

The Discrete-Box-Packing problem isNP, since a given solution can
be veri ed in quadratic time. Hence the Discrete-Box-Packing problem
is NP -complete. O

2.3 An Approximation Scheme

In this section we present a polynomial-time approximation scheme fothe
Discrete-Box-Packing problem. We present the approximation scheme
for a special case, namely for cubes. It can be easily generalized fwxes.
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Figure 2.4. The approximation scheme uses grids with spacingl to parti-
tion the set | into subregions. Each subregion is optimally packed, e.g., by
complete enumeration.

De nition 2.14 ( Cube-Packing ). Given integersk, | 2 N and a nite
setl p Z3, decide whether it is possible to pack at leaktaxis-aligned cubes
of side lengthl in a way such that the lexicographic smallest vertex of each
cube coincides with a point inl .

It follows from Proposition 2.11 and the subsequent remarks that tle
Cube-Packing problem is NP-complete forl , 2. However, there is a poly-
nomial-time approximation scheme.

Theorem 2.15. There exists a polynomial-time approximation scheme for
Cube-Packing

The approximation scheme is based on thahifting strategy, which was
rst presented by Hochbaum and Mass [HM85]. Our proof is an extension
of a proof for the two-dimensional analogon of Theorem 2.15 bgaur and
Fekete [BFO1].

Proof of Theorem[2.15. We show that for any xed "> 0 there is a polyno-
mial-time algorithm that computes an (1 ")-approximation.

Consider a cubic grid with spacingsl centered at the origin. The param-
eter s 2 N is a constant (depending on") and will be determined later. The
grid subdivides the space into subregions, whose number is linear inalsize
of I (see Figurel 2.4). For each such subregion, the heuristic computes
optimal packing, which can be computed in constant time, e.g., by complete
enumeration of all possible packings for this subregion. The packirsgof all
subregions are joined and form a solution corresponding to the givegrid.

For 0- i;j;k<s , let Gjx denote the grid that is obtained by a trans-
lation of the initial grid by the vector (il;jl;kl ). For each of thes® grids,
we compute a corresponding solution. Finally, we report the best dotion
found.
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For the analysis, we consider an optimal solution of the problem and
compare it to a heuristic solution for some gridG;;x . Within each subregion
of the grid, the solution of our heuristic is not worse than the corrsponding
subset of the optimal solution. Cubes of an optimal solution that donot
entirely fall into a single subregion can never be part of the heuristicolution.
It can be easily seen that for any axis-aligned cube this can happen rfat
mosts®j (sij 1)° grids: If a cube of sizd intersects two or more subregions
of Gijk , then it never does so for gridsGojoxo with i 6 i°~ j 6 jo k & K°
There are exactly(si 1) such tuples(i®j%k9, hence a cube intersects two
or more subregions in at mosts®j (s 1)3 cases.

Let OPT denote the cardinality of an optimal solution. By the previous
observation, the sum of alls® heuristic solutions is at least

sSOPT (s®i (si 1))OPT =(sij 1)°OPT:

'il'his ésmplies that the best of all heuristic solutions has cardinality at least

§is—1_ OPT. Hence the desired approximation ratio oflj " is reached for

S, Ili R ;" O

The theorem does not only hold for cubes of side length but can also

be generalized for boxes of side length at mos$t No further changes in the
proof are required.

Unfortunately, the presented approximation scheme is not usefiuor our
problem. The reason lies in the size of the subregions that are to bgptimally
solved. The volume of these subregions can be up ¥ = ( sl)3. For example,
for | =200mm and " = 0:1, we haves =29 and V = 195112, which is two
to three orders of magnitude larger than our instances.

Nevertheless, we pursue the idea of subdividing the space by axparallel
planes in the Partition algorithm (see Section[5.2.8). In contrast to the
presented approximation scheme, this algorithm handles resultingubregions
not independently of each other.
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Chapter 3

Preprocessing

This chapter deals with the preprocessing of the input data. The gien CAD
data sets describe the volume to be packed. Unfortunately, this escription
often is defective or incomplete. The preprocessing includes comgeon of
the CAD data, modi cation according to our needs, and precomputdion of
accelerating data structures like space partitions.

3.1

Data Import

Our input data originate from commercial CAD systems. In such a syem
the geometry of a car is modeled by free form surfaces. Howeveve do not
work on this high-level description, but require a triangulation of the faces.

The data is exported as VRML 1.0 (see [BPP96, ANM96] for a de nition
of the VRML 1.0 le format). The following VRML nodes are of major
importance:

2

2

2

2

2

Coordinate3 - de nes vertices in three-dimensional space
Normal - de nes vectors in three-dimensional space

IndexedFaceSet - de nes faces in three-dimensional space by referenc-
ing the vertices and normal vectors de ned before

Material - de nes material attributes, e.g., colors

MatrixTransform - de nes coordinate system transformations

The data also contains some other node types that are not relevarn our
case, e.g.IndexedLineSet or ShapeHints.

For e ciency reasons, we do not use existing libraries that are o eing
VRML import, but implemented our own VRML reader. A compilation
of supported and unsupported nodes is shown in Table 3.1. The VRML
formatted data are converted into a custom le format specially deggned for
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Supported nodes Unsupported nodes
Cone AsciiText
Coordinate3 DirectionalLight
Cube FontStyle
Cylinder IndexedLineSet
DEF Info
Group OrthographicCamera
IndexedFaceSet” PerspectiveCamera
LOD PointLight
Material * PointSet
MaterialBinding ShapeHints
MatrixTransform SpotLight
Normal Texture2
NormalBinding TextureCoordinate2
Rotation Texture2Transform
Scale WWWAnchor
Separator © WWWInline
Sphere
Switch
Transform
TransformSeparator
Translation
USE

Table 3.1: Supported and unsupported VRML nodes. Subtrees rded at
unsupported nodes are ignored by the parser. Nodes marked witln aster-
isk (%) are only partially supported.

our needs. This le format basically encodes an indexed face set enhied
by some additional information. Each le consists of some header datand
three major parts: a list of colors, a list of vertices and a list of triargles.
Each triangle consists of three vertex indices, a color index and sanags.
The normal of a triangle is implicitly given by the order of its vertices. Colors
are used to encode additional information for each triangle (see S&on 3.3).
Note that no adjacency information is stored, i.e., no information alout
the local neighborhood of a face or vertex is available. Such inforntian is
not stored for three reasons:
2 The information is of limited use (none of the major algorithms would
bene t from it).
2 The information is only partly available (namely, only for small groups
of triangles belonging to onelndexedFaceSet).
2 Reconstruction of the information is di cult due to de ciencies in the
input data (see Section 3.2).
In order to reduce the size of the data sets and to get rid of redurghcies,
we perform some simple modi cations of the data during the conversio
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process. The following four modi cations are performed:

2 Clipping The provided data sets often contain features that lie far
away from the region of interest. Therefore, the user may de ne dox
that denotes the region of interest. All triangles are clipped againts
this box.

2 Removal of tiny triangles The triangulation process produces an
immoderate ne triangulation for regions with a high curvature. We
prune all triangles with an area below a threshold. The resulting holes
are usually quite small. The formation of such small holes is not an
additional burden since we have to deal with them anyway (see Sec-
tion 3.2). A better, but more costly approach is to perform some kil
of mesh simpli cation.

2 Removal of unused vertices  The input data might contain vertices
that are not referenced by any face. Further vertices can beeoe un-
referenced after the steps above. All such vertices are pruned

2 Uni cation of vertices The input data contains multiple vertices at
the same location. All instances of a vertex are identi ed and collapsg
into one instance.

3.2 De ciencies in the Input Data

The shape of a car trunk can be modeled as a polyhedral domain, i.e., a
connected region in three-dimensional space bounded by linear elemts. A
natural way to describe such a polyhedral domain is to specify thetgicture
of its boundary, which is a two-dimensional manifold consisting of polgonal
faces, edges and vertices. Often, polygons are decomposed imatoset of
planar triangles. Such a boundary description is calledriangular mesh
Unfortunately, the given input data does not describe a two-dimeional
manifold. There are several kinds of de ciencies in the structure othe
triangles (see Figurd 3.1):

2 Holes The input data contains holes, i.e., the description of the bound-
ary of the volume to be packed is incomplete. This is most likely caused
by data sets that are not available, e.g., parts that are not yet degned.
Smaller holes may also arise from triangulation errors. Another soae
of holes are surface patches that do not t together exactly and ause
holes that are often long and skinny. We discuss the di culties arising
from holes in more detail in the remainder of this section.

2 Self Intersections The set of triangles that forms the boundary of
the volume to be packed intersects itself. This often happens in re-
gions where di erent surface patches come into proximity. In the edy
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(a) Holes (b) Self intersections
(c) Dangling faces (d) Double faces

Figure 3.1: Various kinds of de ciencies in the triangular mesh (crossexc-
tions)

design process, the geometry of the trunk boundary is only vaguand
is gradually re ned. It is not uncommon, that di erent parts that
constitute the boundary do not t together very well and cause sich
intersections.

2 Dangling Faces There are three (or more) faces that share a common
edge, or alternatively, an edge of a face is contained in (the interior
of) another face. Such situations are also caused by di erent stace
patches that come into close proximity. However, this is often by dsign
and not an error.

2 Double Faces The term double facedenotes the description of the very
same boundary element by two parallel faces that di er by a small oset
in normal direction. These faces originate from sheets that starting
with a certain thickness are modelled by their surface, resulting in
two parallel faces. Both faces may be triangulated in di erent ways
Note that such a double face itself does not necessarily cause them
manifoldness of the structure.

In summary, one can say that the set of triangles has several kindsf
errors such that it does not constitute a two-dimensional manifold If the
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hole in the /‘
{ triangulation

volume to
<+—————  be packed B .

Figure 3.2: The location of the hole depends on the volume to be pacdtie
Both cases cannot be distinguished solely based on the geometrytbé trunk.

term triangular mesh is used in the following, it is always to be understood
as a triangular mesh that contains these kinds of errors.

Looking again at the classi cation of the errors above, there is an impoe
tant di erence between holes and the other three kinds of errors If there
are no holes, the set of triangles still separates the volume to be plked
from the remaining space. (It might happen, that the remaining spae is
divided into several unconnected components.) The containmentetst can
still be performed by computing a path to a known reference point. But
if the boundary has holes, this is no longer possible, since the path niig
unwittingly pass through such a hole.

On the other hand, the absence of other kinds of errors exceptafes
allows the elimination of the holes. It is possible to identify and close them
with additional triangular patches. This procedure might misrepresent the
(unknown) local geometry, however, the structure of the triargles is altered
towards a two-dimensional manifold. But such an approach is not pssible
in the presence of other errors. Figuré 3.2 shows an example in whithe
location of a hole depends on the volume to be packed. Both casesncat
be distinguished solely based on the given geometry data. It is not peible
to locate holes and x them without user interaction.

Since holes cannot be eliminated, we have to deal with them. Looking
closer at our application, we actually do not need to decide the coniament
problem for points, but for boxes of a given size. In particular, we wat to
avoid that a box located in the interior in the trunk can be moved alonga
path leading to a point far outside without intersecting the boundary of the
trunk.

We distinguish two kinds of holes:large holesand small holes Holes are
called large if a box of xed size can pass through the hole, otherwise they
are calledsmall. In Chapter 4 we explain how to classify regions of the space
as interior or exterior. This approach allows the handling of small hols.

We demand that there are no large holes present. Otherwise, thelyave
to be eliminated interactively by the user. This is rather easy becaus we
already handle small holes and other kinds of errors. There is no neeo
construct a perfect tting surface patch; an approximate placenent of few
su ciently large triangles often su ces.
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3.3 Face Normals

A further de ciency of the input data not mentioned in the previous section
is the missing or incorrect information about face normals. We call adce
normal correct if it points towards the outside of the trunk, i.e., away from
the region to be packed. If one considers the interior of the trunk a a rigid
body, our de nition of correct face normals coincides with the convation
for rigid bodies. We do not care about faces that do not bound the egion
to be packed. Their face normals and orientations do not matter in ar
application.

Why are face normals needed at all? Why is the orientation of the faces
that bound the trunk important?

The main reason is the deformability of the trunk. The boundary of the
trunk is not rigid, but rather deformable, at least in parts. For example,
boundary parts made of plastic give way if there is no rigid support be
hind them. Or the fabric that covers the interior trim can often be slightly
compressed. Thus one gains additional space ranging from fractie of a
millimeter to a few centimeters. This additional space is heavily exploitd in
practice and has also to be taken into account by our software. Inmler to
increase the region to be packed, a triangle may be shifted up to a epi ed
distance in its normal direction. Since VRML 1.0 does not allow addition&
user-de ned attributes, material attributes like color are used to encode this
information.

Moreover, correct face normal are valuable for visualization. Thderm
front-face culling refers to a rendering mode where all faces whose normal
points towards the viewer (rather than away from the viewer) areignored.
Similarly, back-face cullingignores all faces whose normal points away from
the viewer.

Back-face culling is often used to speed up visualization. In the casd o
two-dimensional manifolds, it is safe to skip all faces whose normalgints
away from the viewer since such faces are always concealed by atliaces
(provided that the viewer is located outside of the manifold). In our @ase,
front-face culling is a much more useful feature, since it allows to Idointo
the trunk. Face normals are also needed for computing lighting e ets, e.g.,
face shading.

We have seen that correct face normals are mandatory for the ghing
process and useful for visualization. Thus we have to nd a way to reon-
struct them. Known algorithms do not work in our setting. If the bou ndary
is a two-dimensional manifold, all face normals can be reconstruategiven a
single correct face normal. If the region to be packed is convex, it stes to
specify a point contained in it. But these preconditions are not ful lled in our
case. In the following we describe a simple heuristic that works su ciefly
well.
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level 5 ——
level 4 —— y.d
level 3 ——
level 2 —— y,
level 1 —
level O

(a) Cell levels (b) Flow directions

Figure 3.3: First two phases of the heuristic to x the face normals. Frst
the cell levels are computed based on the distance to the next celbbmpletely
contained in the interior of the trunk. Then the ow is computed based on
these cell levels.

First we give an informal description of the heuristic and the intuition
behind it. Imagine a ow that originates from the interior of the trunk, or
to be more precise, in the region of the trunk that is to be packed. Te
ow passes through the faces that bound the interior and runs tovards a
su ciently large sphere. Given a triangle of the boundary, one obseves that
the direction of the ow at this triangle is often similar to the face normal.
More precisely, the angle between ow direction and face normal is tén
much smaller than 90 degrees. Thus the direction of the ow can be &l to
determine the orientation of the faces.

A more formal description of the algorithm is presented in Algorithm/31.
The algorithm takes two parameters: the setT of triangles and a grid G.
The purpose of the grid is twofold: rst it speci es an approximation of the
region to be packed, and second it provides a discretization of thepace on
which the ow computation is based. The details of obtaining such a gridare
depicted in Chapter[4. Here we simply state the essentials that areaeded
for the algorithm.

The grid G consists of uniform, cubic cells with side length. The vari-
able G is also used to denote the set of all cells of the gri. The cells are
identi ed by a three-dimensional integral vector calledindex. More precisely,
a cellc 2 G with index (x;y;z) 2 Z2 comprises

o+ [x;xl + )E [ylyl+1)E [zl;zl + 1) p R3;

whereo 2 R® denotes the origin of the grid. Two cells are calleaeighborsi
their indices di er in exactly one component by 1. The setl p Z2 contains
exactly the cells that are completely contained in the interior of the trunk.
The algorithm consists of three phases (see Algorithm 3.1). In the rb
phase we use breadth rst search (BFS) to compute for each gridedl c2 G
its minimum distance to the set|. This distance is stored inlevel[c]. An

example can be seen in Figure 3.3(a).
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Figure 3.4: Examples in which the heuristic fails to reconstruct the caect
face normals. Red faces indicate incorrectly computed face norisa

The second phase computes the direction of the ow for each cetl2 C.
The direction is based on the levels of the corresponding cell and itsxs
neighbors. Note that the di erence of the levels of two neighboringcells
is at most 1. Neighbors ofc with the same level do not contribute to the
ow direction at all, and to the same extent otherwise. More preciselythey
contribute a directional vector that connects its center and the center of
the cell c. The orientation of this vector is chosen such that it points from
the cell with lower level to the cell with higher level. Finally, the sum of
all contributing vectors is normalized. The ow directions for the previous
example are shown in Figuré 3.3(b).

The last phase looks at each trianglet 2 T in turn and computes the
average ow direction of all cells intersected by that triangle. The ofientation
oft is reversed if the angle between the normal of the triangle and thevarage
ow direction is larger than %.

The heuristic presented above works pretty well in our case. Nevthe-
less there are situations in which it fails. Two such examples are showin
Figure 3.4. The left gure shows a small face (compared to the spacin of
the grid) whose normal deviates much from the normals of the sugunding
mesh. Such small local features are not recognized due to the distization
imposed by the grid. As a result, computed face normals for small &ures
may be wrong.

Figure 3.4(b) shows a cusp that bounds the region to be packed. @sider
the lower arc at the tip of the cusp. The computed ow and the (correct)
face normal enclose an angle larger thaé". Hence the heuristic computes a
wrong face normal.

Such errors are a minor annoyance for visualization, but they are ot
critical for the following computations. The deformability of the tru nk in
such regions is quite small and often zero. Thus the e ects of a wrg face
normal are very limited. Additionally, tiny regions as the interior of th e cusp
are far too small to be packed with boxes. The extent of such errs can be
further reduced by using grids with ner spacing.
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Algorithm 3.1

FaceNormals (T;Q)

1

W W WwWwowomwwNRNNNNMNNMNNNNNRRRPRRRERERP P PR
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Q A empty FIFO queue
for all cellsc2 C do
if c21 then
level[c] A 0
Enqueue (Q; c)
else
level[c] A 1
end if
end for
while Q 6 ; do
cA Dequeue (Q)
for all neighboring cellsc® of ¢ do
if levellcd= 1 then
level[c(q A level[c] + 1
Enqueue (Q;cY
end if
end for

: end while

: for all cellsc2 C do

direction [c] A (0;0;0)7
for all neighboring cellsc® of ¢ do
direction [c] A direction [c]

Reconstruction of face normals

. compute level[c]

. compute direction [c]

+ (level[c] i levelld]) ¢(index(cY j index(c))

end for
normalize direction [c]

: end for

: for all trianglest 2 T do

dA (0;0;0)7

for all cellsc2 C with t\ ¢6 ; do
dA d+ direction [c]

end for

if d¢Normal (t) < Othen
reverse orientation oft

end if

. end for

. compute normal oft
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3.4 Space Partition

In our application we are often faced with the following problem: Given
a box in three-dimensional space, decide whether this box can be pked
without intersecting the boundary of the trunk or other already placed boxes.
This is a very important and fundamental test and its runtime strongly
in uences the overall runtime of the discretization process. We canot a ord
to consider all triangles of the boundary or all already placed boxesHence
we use a space partition to reduce the computational e ort.

Sophisticated approaches for space partitions are known in the litature,
e.g., hierarchical space partitions like kd-trees [BKOSO00]. As we shadlee in
Chapter /4, the vast majority of queries involves objects closely Iated to the
boundary of the trunk. Correspondingly, it is often necessary taconsider the
leaves in the kd-tree. Hence we do not expect faster query progsing times
by using a kd-tree. On the other side, a kd-tree should be more spa-e cient
than our simple approach.

Our space partition uses a uniform, axis-aligned, cubic grids that par-
titions the space into cells. The spacing of the grid is based on experimnts.
This data structure provides two major functions: insertion of newv objects
and query of the stored information. In case of moving objects it is &o
possible to support e cient updates, but this functionality is not ne eded
in our application. In our setting, the objects that are stored in the space
partition are the triangles of the trunk. We also use a second spaggartition
for already placed boxes.

For each of its cellsc 2 G the space partition maintains a list I of objects
that intersect this cell. We maintain the invariant

80208c2G:o\ c6;, 02l (3.1)

where O denotes the set of all objects. In other words, if the listl; for grid
cell c does not contain an objecto 2 O, then o\ ¢c=; holds.

The insertion of new objects into the space partition is described in A
gorithm [3.2. The algorithm takes an objecto 2 O as input and updates the
data structures I of the space partition accordingly such that the invariant
(3.1) is maintained.

The query process for an object’ is described in Algorithm[3.3. Note
that 0°2 O is not mandatory. The algorithm takes the query object o® as
input and returns a list | of objects that potentially intersect o’. Moreover,
it follows from (3.1) that

8020:062) o\ o= ;: (3.2)

In other words, objects that are not present in the computed listl have
empty intersection with the query object o®and do not need to be taken into
account.
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Algorithm 3.2 Insertion of objects into the space partition

Insert (o)
1: B A axis-aligned bounding box of objecto

: C A set of grid cells intersectingB
: for all cellsc2 C do

if o\ ¢c6 ; then

lc:=Ic[f og

end if

end for

No gk wnN

Algorithm 3.3  Querying the space partition
Query (o)

1: B A axis-aligned bounding box of objecto®
2. CA set of grid cells intersectingB
3 return [ ,ele

A variant of Algorithm 3.3 works as follows: Instead of rst computing
the bounding box B for a query object o® and then the setC of grid cells
that intersect this bounding box B, one can also directly compute the seC
of grid cells that intersect the objecto® Thus in general the list of candidate
objects for an intersection gets smaller. On the other side, the eoputation
of C is usually more expensive. The bene t of this modi cation depends on
the setting.

The following basic operations are needed for both algorithms:

2 computation of bounding boxes for stored objects and query olets

2 deciding non-empty intersection for axis-aligned boxes

2 deciding non-empty intersection for stored objects and axis-aliged

boxes

2 deciding non-empty intersection for query objects and axis-aligra

boxes

The last operation is only needed in the above presented variation of
Algorithm 3.3] The realization of these basic operations is discussed iBec-
tion 4.2,
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Chapter 4

Discretization

Prior to the begin of this work, our customer constructed all packngs man-
ually. All solutions that they have provided have a certain structure in
common. Examples for such packings can be seen in Figure 4.1.

One observation is that the axes of almost all boxes are aligned to
axes of some coordinate system. Usually, less than 1% of the boxeave
an independent orientation. These boxes are found at the boundg of the
packing and their orientations are caused by the local geometry dhe trunk.

Moreover, many boxes are aligned with each other and are not disptad
arbitrarily. The extensions of the boxes imply side length ratios of4 : 2 : 1
Therefore it is possible to align the boxes without ruling out a tight pading,
even if some of the boxes have been rotated by 90 degrees arownmgk of their
axes. Again, a small number of boxes at the boundary of the packiare
displaced with respect to the core. Often their position is directly in uenced
by the nearby boundary of the trunk.

These observations motivate a discretization approach that resicts the
solution space to boxes that are placed in a grid-like fashion. Such a&stric-
tion rules out arbitrary positions and orientations. Because such isuations
are rare, there is reason to believe that the restriction of the soliion space
imposed by the discretization is not too severe.

Our discretization approach creates an approximation of the spas and
in particular of the region to be packed. The quality of the approximaion
depends on the geometric parameters of the grid, namely its origirgrienta-
tion and spacing. The proper choice of the spacing is crucial to be #bto
allow tight packings. A smaller spacing leads to a ner approximation of he
region to be packed. On the other hand, a smaller spacing also increes the
complexity of the resulting discrete packing problem.

The discretization allows us to classify regions of the space. Natully, we
are interested in distinguishing the region to be packed from its suwunding.
We want to classify each cell of the grid with respect to the geomeyr of the

45
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(a) model A (b) model B

(c) model C (d) model D

Figure 4.1: Manually constructed packings. These packings have &w reg-
ular structure. The majority of the boxes are aligned with the axesof a
comr[non coordinate system. Only few boxes have an independentienta-
tion.*

trunk. It is our goal to identify the cells that are entirely, respectively in
parts, covered by the region to be packed.

In Chapter 3 we explained that the input data does not precisely de ne
the region to be packed. The introduction of a new data structurefor the
discrete problem allows us to restrict the e ect of those problems @ the
construction phase of the grid. The packing algorithms can work ora well-
de ned problem instance and do not need to cope with the problems ased
by the de ciencies in the boundary description of the trunk.

This chapter is organized as follows: In the rst section we concentriz
on the theoretical foundation of the discretization step. We desgbe the
fundamental routines that are used for intersection tests in Se@n 4.2. These

1For legal reasons we may not publish the geometry of model D.
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routines are needed to detect grid cells that intersect the boundg of the
trunk or given boxes. In Section/ 4.3 we explain the classi cation proces
in detail. Section[4.4 deals with transformations of grids reusing existg
information. We discuss the problem of optimal grids in Section 4.5.

4.1 Theoretical Aspects

In this section we consider the theoretical foundation of our discriézation
step. Actually, the discretization consists of two parts. First, we discretize
the space and obtain an inner approximation of the region to be paad. We
formally de ne the cubic grid that is used for this approximation. Secad,
we restrict the set of potential box placements. Finally, we revisit tie notion
of the con ict graph and the maximum stable set problem.

4.1.1 Discretization of the Space

We discretize the space with a uniform cubic grid. The geometry of th
grid is described by three parameters: the origino 2 R3, the orientation
(denoted by a rotation matrix R 2 R3£3) and the spacingl > 0. We use
integer triples to identify the grid cells. Consider the function

f:R31 R (k)7 o+ [ CR¢(i;j; k)T (4.1)

The function f maps the elements oZ 2 (called cell indices) to the vertices
of the grid with origin o, orientation R and spacingl. This mapping leads
to the de nition of the grid cells as follows:

cell: 233 (i;j;k ) 7! [ f((i;j;k)+ x)p RE: (4.2)
X 2[0;1)3

The function cell maps integer triples to oriented cubes with side lengtH.
Note that a cell is a continuous image of a cartesian product of thre half open
intervals, and thus it is a half-open cube. Conversely, with each poinp 2 R3
we can associate its cell index:

index: R3! Z3; p 7! bf i Y(p)c; (4.3)

where the operatorb ¢ ds to be applied componentwise.

Notice that the representation of a grid by the parameterso, R and |
is unique in the sense that there are no two distinct parameter triple that
denote the same functionf (and consequently,cell and index). But in the
end, we are interested in the subdivision of the space into cells, andohin
the index that is actually assigned to a given cell; the cell indices are nely
a means of addressing the cells. In this context, the subdivisions oh¢
space resulting from such grids are no longer uniquely representdsy the
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parameterso, R and |. For example, a translation of the origin o by any
element of ¢R ¢Z3 results in the same subdivision of the space. We defer
the discussion how to choose those parameters to Section 4.5.

We classify each cell with respect to the geometry of the trunk and oxes
of a given packing. For now, we restrict ourselves to two statesusableand
unusabl@. A grid cell is called usableif it lies completely in the region to be
packed and does not intersect boxes of a given (partial) packing. fBerwise,
the cell is called unusable The latter state includes cells that lie in the
exterior of the trunk, cells that lie outside the region to be packed o cells
that intersect given boxes or the boundary of the trunk. The setof usable
cells corresponds to the subset in the de nition of the Discrete-Box-
Packing problem (see De nition 2.3).

Thus the set of usable cells is an inner approximation of the region to
be packed. In other words, the space occupied by usable cells is esty
available for packing with boxes. A packing that covers only usable dis
does never interfere with the boundary or given boxes and is alwayeasible.
Figure [4.2 shows the set of usable grid cells for four grids with di eren
spacing.

4.1.2 Discretization of Box Placements

We described the discretization of the space in the previous subg@mn. Now
we restrict the solution space of our problem even more by discreiizg the
possible box placements.

The boxes to be packed have a length, width, and height of 200m,
100mm, and 50mm. We restrict ourselves to grids with spacingl such
that nd¢l = 50mm for some integern. Thus a box has the same shape
as the union ofdn £ 2n £ n grid cells. The above condition for the choice
of | is necessary in order to obtain tight packings.

Furthermore, we restrict the position and orientation of boxes adollows:
We demand that the axes of a box coincide with the axes of the grid. his
implies that there are six di erent orientations for each box. Furthermore,
we enforce that a box is aligned with the grid cells. That means that a
box does not only have the same shape as, but also coincides with a se
of 4n £ 2n £ n grid cells.

Thus the position and orientation of a box is de ned by six parame-
ters (x;y;z;w; h;d). The triple (x;y;z) 2 Z3 denotes the so-calledanchor
cell. This cell has the (componentwise) smallest index among all cells cov-
ered by that box. The triple (w;h;d) denotes the orientation of the box
and speci es its extension in width, height, and depth (with respect b the
axes of the grid, i.e., the columns ofR, and measured in grid cells). Any
permutation of the set f4n; 2n; ng is valid for (w; h;d). The box de ned by

2We shall introduce a ner grained classi cation in Section 4.3.
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(c) spacing: 25mm (d) spacing: 12.5mm

Figure 4.2: Discretization of the space with grids of di erent spacing Only
usable grid cells are shown.

the parameters(x;y;z;w; h;d) consists exactly of the grid cells with index
in the set
;X + W) E [y;y+ h) £ [z;z+d) \ Z3:

4.1.3 Formulation as a Stable Set Problem

It is straightforward to formulate the Discrete-Box-Packing problem as
a stable set problem. We repeat the de nition of the conict graph (ses
De nition 2.8), now adapted to the terminology of this chapter.

De nition 4.1 (  Conflict Graph ). Let | denote the set of usable cells
of a grid G with parameters (o;R;l). The conict graph G = (V;E) of
(G n;1) is de ned as follows: There is a node/yy.z.whd 2 V i the box with
anchor cell (x;y;z) and orientation (w;h;d) covers only usable cells, i.e.,
cells in1. Two nodesv;;v; 2 V are adjacent i the corresponding boxes

andj intersect.
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n | spacing #cells / max. size of maximal degree ofG
[mm] box cliques inG

1| 5000 8 48 201

2 | 2500 64 384 2609

4 | 1250 512 3072 25737

8 6:25 4096 24576 227225

n | 50=n 8n3 48n3 483 364n°+84nj 7

Table 4.1: Characteristic numbers for con ict graphs

We have seen in Proposition 2.9 that anyDiscrete-Box-Packing prob-
lem can be reduced to a stable set problem for the corresponding react
graph. Note that the conict graph G has some regular structure that orig-
inates from the grid G. However, it is dicult to exploit this structure if
only the graph itself is given. On the other hand, this structure is eaily
accessible in the original gridG.

Table[4.1 gives an impression about the size and complexity of the conic
graphs, depending on the parameten. The number of cells per box equals
8n3. For example, a grid with a spacing of 2&hm for a trunk of a typical
size of 400 liters consists of approximately 25600 usable cells (deplamg
on the orientation and translation of the grid). Since there are six derent
orientations, the maximum size of cliques in the con ict graph is six timesthe
number of cells per box, i.e.48n3. The maximum degree of the con ict graph
is almost a magnitude larger. It can be determined by a simple enumerain
of possible con gurations of box pairs. The given function488n3; 364n? +
84n i 7 has been experimentally veri ed for powers of two up ton = 1024.
For typical instances more characteristic values of the con ict grgh are given
in Table 6.2.

4.2 Fundamental Intersection Routines

In this section we describe the fundamental routines used in all intesection
computations. These routines are used to decide whether two gewtric
primitives have a non-empty intersection or not.

We use these routines in the construction of the cubic grid. We need
to identify all cells that intersect either the boundary of the trunk or boxes
of given (partial) packings. The boundary of the trunk is given as a st
of triangles. The given packings consist of a set of boxes. There& we
need to decide the intersection problem for the object pairdriangle cube
and box cube

We are also interested in the more general casésangle box and box box,
which are useful for veri cation of solutions obtained by other mears. This
includes solutions of other (non-grid-based) algorithms as well asokitions
that are imported from a CAD system.
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In this section we describe the implementation of the general casds-
angle box and box box The simpli cation for the cases triangle cube and
box cube is straightforward.

Our intersection tests are based on a concept calleSeparating Axis The-
orem. This concepts works as follows: Both objects in question are pregted
onto a xed axis. Assume there is an axis such that the projections foboth
objects are disjoint. This implies the existence of a orthogonal plam that
separates both objects. Such an axis is called separating axisand it is a
witness that both objects are disjoint.

This observation leads to some questions: Is there an axis such th#te
projection intervals are disjoint? If it exists, how does one nd it? And if
there is no such axis, how can one proof that? Th&eparating Axis Theorem
stated in [GLM96a, GLM96b] answers these questions for the case fio
oriented boxes.

Theorem 4.2 (Separating Axis Theorem). If two oriented boxes are
disjoint, then there exists a separating axid = a £ b, wherea and b are
taken from the six box axes.

This theorem says that it is su cient to look at a set of fteen axes in
total (three axes from one box, three axes from the other boxand nine
axes resulting from pairwise cross products). Both boxes are d@pt i one
of those fteen axes is a separating axis. A similar statement is valid fo
the case of a triangle and a box. Both cases are discussed in [EbeOQur
implementation is based on the routines described in this book.

4.2.1 Intersection Test for a Triangle and a Box

Let the triangle have verticesug, u; and u» 2 R3. De ne the edges of the
triangle aseg = U1 j Ug, €1 = Uz Ugandey = Uz u;. The triangle is
described by the set
n — o]
up+,e+eg 0-, - 1;0- .1, +1.1:

Let the box have centerc 2 R3, normalized axesag, a1, a» 2 R3, and
side lengths2ag, 2a;, 2a, > 0. Thus the box is given by the set
n X — 0
c+ Jidi o0& it &
i=0;1;2

Furthermore, dene d = ugi ¢ and letn 2 R3 be an oriented normal of
the triangle, for examplen = eg £ e;. The normal n does not need to have
unit length.

The intersection test for a triangle and a box is described in Algo-
rithm 4.1. The algorithm computes the quantities po, p1, p2 and r for each
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Algorithm 4.1 Intersection test for a triangle and a box

IntersectionTriangleBox (t; b)
1: for all potential separating axesl do
2: compute quantities pg, p1, p2 and r

3 if minfpo; p1; P29 >r or maxfpg;p1;p20< i r then

4: return false . | is a separating axis, no intersection
5 end if

6: end for

7: return true . ho separating axis found, intersection

potential separating axis| (we identify an axisc+ ,I;, 2 R with its direc-
tional vector |). The valuesp;; 0+ i - 2 correspond to the projection of the
triangle verticesui; 0 - i - 2 onto the axis| (see Figure_4.3). The valuer
describes the width of the projection interval of the box. The conputation
of those four quantities is summarized in Table 4.2. Ifminfpg; p1;p2g > r
or maxf pp; p1;p2g9 < i r holds, the projections of the box and the triangle
are separated,| is a separating axis for both objects and the algorithm im-
mediately returns false. Otherwise,l is not a separating axis. If there is no
separating axis, both objects intersect and the algorithm returrs true.
Under certain conditions, the separating axis test for a triangle ad box
can be accelerated. The tests described in lines 2 to 4 in Table 4.2 chkec
whether the box intersects the bounding box of the triangle (the dientation
of the bounding box coincides with that of the given box). Such a telsmight
have already been performed in advance in order to reduce the nibar of

| Po P1 P2 5 r
1 n n'd Po Po | coupainTaij
2| ap ao'd Po+ ao' € | Po+ ao'er ag
3| a a;'d po+ai'eo |po+ ai’e; ag
4| ap a'd Po+ az € |po+ az’e; ag
5/apfeo|(aof eo)'d Po Po+t ao' n |arjaz’eoj+ azjai’ egj
6|aofer|(afe)’d| poj ap'n Po arjaz’ e1j+ azjai’eij
7|aof ey |(aof e)'d | poi ag'n P1 aijaz’ exj + azjai’ ey
8laif e |(a1f ey)'d Po Po+ ai’'n |apjaz’ eoj+ azjao’ eoj
9laif£er|(ar£e1)'d| poi ai'n Po apjaz’elj + azjao’ €]
10/ a1£ e [(a1£e)'d| poj ai'n P1 apjaz’ ezj + axjao’ ez
11|az£ e | (a2 £ e)'d Po po+az'n |apjai’eoj+ arjao’ egj
12| az£ €1 | (az£e1)"d | poi az'n Po apjai’eij+ arjao’ eij
13|az£ ez | (a2€£e)'d| poi az'n P apjai’ €2j+ arjag’ g

Table 4.2: Values for the separating axis test for a triangle and a box
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Figure 4.3: Separating axis test for a triangle and a box. The axi$ is a
separating axis if the interval spanned bypg, p1, p2 and the interval [j r;r]
are disjoint.

candidate pairs for the intersection test. In this case, the corrgsonding tests
can be skipped here. Thus the maximum number of axes that need tbe
tested can be reduced from 13 to 10.

4.2.2 Intersection Test for Two Boxes

Let the rst box have center ¢p 2 R23, normalized axesag, a1, az 2 R3,
and side lengths2ag, 2a;, 2a, > 0. Similarly, let the second box have center
c1 2 R3, normalized axesbg, b1, by 2 R2, and side lengths2ly, 2by, 2, > 0.
Thus the boxes are given by the sets

n X — 0 n X — 0
Co + .idi i @ ,i- & and cp+ i i b Y- b
i=0;1;2 i=0;1;2

Llet d = c1j co and C = ATB, where A = (ag;a;;a,) and B =
(bo; b1;b2). The matrix C denotes the orientation of the second box relative
to the orientation of the rst box.

The intersection test for two boxes is described in Algorithm_4.2. The
algorithm computes the quantitiesro, r1 and r for each potential separating
axis|. The valuesrg and r; correspond to the projection intervals of both
boxes (see Figure 4.4); describes the projection of the center of the second
box. The computation of those three quantities is summarized in Take[4.3.
If r >r o+ ry holds, the projections of both boxes are separated, is a
separating axis for both objects and the algorithm immediately retuns false.
If there is no separating axis, both objects intersect and the algathm returns
true.



54 CHAPTER 4. DISCRETIZATION

Algorithm 4.2 Intersection test for two boxes

IntersectionBoxBox (br; bp)
1: for all potential separating axesl do
2: compute quantitiesrg, ry and r

3 if r>r o+ rqthen

4: return false . | is a separating axis, no intersection
5 end if

6: end for

7: return true . ho separating axis found, intersection

Similar to the case of a triangle and a box, the separating axis test fawo
boxes can be accelerated under certain conditions. The tests daeied in
lines 1 to 6 in Table[4.3 check whether the rst box intersects the bouding
box of the second box and vice versa (the orientation of a boundingpox
coincides with the orientation of the other given box). Such a test nght have
already been performed before in advance in order to reduce thaimber of
candidate pairs for the intersection test. In this case, the corrgsonding tests
can be skipped here. Thus the maximum number of axes that need tbe
tested can be reduced from 15 to 12 or 9.

4.3 Generation of Grids

Suppose we are given the geometry of the trunk and the geometrjgarame-
ters of the desired grid, that is, its origin o, its orientation R and the spac-

| ro ri r
1| ao ag ko jcooj + by jco1j + 2 jCoa] jao'dj
2| ap a o jciof + brjciaj + b jciof jai'dj
3| a az b jCooj + by jCo1j + InjCoof jaz'dj
41  ho o JCooj *+ a1 jC10f + a2 ]Cz0j ko jbo"d]
5| b |aojcorj+ arjcuj + azjca] by jbaTdj
6| by |aojcos + arjcizf + azjczoj by jby"dj
7|apf b a1jC0j + azjCi0j br jCozj + bpjCoaj jcioaz'di cpai'dj
8|agf by a1jCa1j + azjcuj bo jcozj + bz jCoo) jciiaz’di cuai'dj
9 apf by a1 jCa2) + azjcC1a b jcoaj + b jCoof jciza’di cpai'dj
10| a1 £ b a0 jC0j + a2 jCoo) b jcagj + bpjcia jeoao'di copaz'd]
11| a1 £ by ajca1j + a2 jcoij bojcizj + b2 jc1o] jcrao’di corax’dj
12| a1 £ by o jCa2j + a2jCozj o jc11j + by jcio) jczao'di Copaz'd]
13| az £ bp aojC10j + a1 jCoo) b jeoo) + bpjCaaj jeooar'di cipao'd]
14| az £ by apjcj + ai jcolj bo jczz) + b2 jCa0] jcoraiTdi cipao’dj
15| az £ by apjC12j + a1 jCozj bo jca1j + by jCa0) jczar’di cipap'd]

Table 4.3: Values for the separating axis test for two boxes
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Figure 4.4: Separating axis test for two boxes. The axi$ is a separating
axis if the intervals [j ro;rol and [r j rq;r + rp] are disjoint.

ing |. Optionally, a set of boxes that represents a partial packing mightalso
be given. The goal is to identify all the cells that are completely contined
in the region to be packed.

In order to accomplish this goal, we introduce the following classi cation
for grid cells:

2 Qutside : The cell lies in the exterior of the trunk.

2 Boundary : The cell intersects the boundary of the trunk or intersects
a given box.

2 Inside : The cell lies in the interior of the trunk.
2 Unknown : The state of the cell is not yet determined.

We shall see in Section 4.312 that somiside and Unknown cells can
never be covered by a box. These cells are important in the classi cain
process. Therefore we extend the above set of states as follows

2 Inside “: The cell lies in the interior of the trunk and can never be
covered by a box.

2 Unknown “: The state of the cell is not yet determined, but it can
never be covered by a box.

In gures we use dierent colors to distinguish the various cell states
(see Figure 4.5). Cells labeled afnside ® and Unknown “ are additionally
marked by an X-shaped cross.

Initially, all cells of the grid are labeled as Unknown . Our goal is to
label all cells according to the classi cation above. In particular, we wat to
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B Boundary B outside
] Inside Xl Inside ®
I unknown X Unknown ®

Figure 4.5: Visual representation of cell states

reduce the number ofUnknown cells as much as possible. Allnside cells
constitute an inner approximation of the region to be packed. All oher cells,
except those labeled asgJnknown , can de nitely not be used for packing.

The algorithms used for the classi cation are also used in a dierent
context (see Section 4.4 and_4.5). In this context, the setting is asoflows:
Only a subset of the cells is labeled a&/nknown , the remaining cells are
already properly classi ed. The goal of classi cation of all cells remainghe
same. Because only a subset of all cells is left to be classi ed, we addid
the following algorithms some statements for the purpose of optimition.
For simplicity, we replace all information about Inside * and Unknown °
cells by Inside and Unknown , respectively.

The classi cation process consists of several steps that are pesgted in
the following subsections.

4.3.1 Boundary Cells

In the rst step of the classi cation process we identify all cells that should
be labeled asBoundary . We compute the set of cells that intersect at least
one triangle of the trunk boundary. Similarly, we calculate the set ofcells
that intersect at least one box.

Zomorodian and Edelsbrunner  [ZEOO] give an e cient algorithm to
compute all intersection pairs of two sets of objects. First, the bjects are
enclosed in axis-aligned bounding boxes which reduces the problem taling
intersecting intervals. A hybrid algorithm involving range trees and sanning
is used to generate the set of intersection candidates. Primitive imrsection
tests are needed to compute the list of actual intersection pairs.

In our setting, a much simpler approach su ces. We do not need to can-
pute all intersection pairs, it su ces to decide for a given cell whether it is
intersected by any triangle (or any box). Moreover, given the speial struc-
ture of the set of cells, it is straightforward to compute the set ofintersection
candidates for a given triangle or box.

First, we explain how to compute the set of cells intersected by the bund-
ary of the trunk. The pseudo code for our implementation is preseted in
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Algorithm 4.3  Identi cation of Boundary cells (part 1)

BoundaryCellsTriangles (GT)
1: for all trianglest2 T do
2. B A grid-aligned bounding box oft

3 for all cellsc 2 G that intersect B do

4: if cis labeled asUnknown then . speed-up
5: if IntersectionTriangleBox (t;c) then

6: label ¢ as Boundary

7 end if

8: end if

9: end for

10: end for

Algorithm 4.3] The algorithm takes a grid G and a set of trianglesT as in-
put. The outer loop iterates over all trianglest 2 T. The inner loop doesnot
iterate over all grid cellsc 2 G. It is restricted to those cells that intersect
the bounding box oft. Note that the set of cells satisfying this condition (see
line 3) can be e ciently determined. This set has a cuboid shape and te
indices of both extremal cells can be obtained by applying théndex function
of the grid (see function (4.3)) to both extremal vertices of the unding
box B. The intersection test in line 5 is skipped if a cell is not labeled as
Unknown .

A second implementation that reverses the order of both loops is gan
in Algorithm The outer loop iterates over all Unknown cellsc2 G. We
compute an axis-aligned bounding boxB of a cellc and use the precomputed
space partition of the set of trianglesT to obtain a setS u T of intersection
candidates. The inner loop iterates over this sef and is terminated as soon
as an intersection is found.

The relative runtime of both variants depends on many parameterse.g.,
on the number of the triangles and the cells, on the size and distribubn
of the triangles, on the spacing of the grid, and on the number ofUn-
known cells. We performed various tests with di erent models and grids
with di erent spacing. If no further information about the cell labels is given,
i.e., all cells are initially labeled asUnknown , the rst implementation
is up to factor two faster than the second one. However, oftenmdy the
labels for cells close to the boundary need to be recomputed, e.g., thg a
translation of the grid (see Sectiori 4.4). In such a situation, the rutime of
both implementations is roughly the same.

The boxes of a given (partial) packing are handled in a similar way.
The pseudo code for this case is shown in Algorithm 4.5, which is analog
to Algorithm 4.3. Naturally, an implementation analog to Algorithm
is also possible. Because the runtime spent on the box&s is signi cantly
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Algorithm 4.4 Identi cation of Boundary cells (part 1, alternative im-
plementation)

BoundaryCellsTriangles (GT)
1: let SP denote the space partition of T
2: for all cellsc2 G do
3 if cis labeled asUnknown then . speed-up

4: B A axis-aligned bounding box ofc

5 S A SP:Query (B)

6: for all trianglest 2 S do

7 if IntersectionTriangleBox (t, ) then

8: label ¢ as Boundary

9: break . speed-up
10: end if

11: end for

12: end if

13: end for

smaller than the time spent on the triangles T, a gain of an alternative
implementation would not improve the overall runtime very much. Therefore
we did not study this variant.

Algorithm 4.5 Identi cation of Boundary cells (part 2)

BoundaryCellsBoxes (G, B)
1: for all boxesb2 B do
2: B A grid-aligned bounding box ofb

3 for all cellsc 2 G that intersect B do

4 if cis labeled asUnknown then . speed-up
5: if IntersectionBoxBox (b; 9 then

6: label c as Boundary

7 end if

8 end if

9 end for

10: end for

4.3.2 Unusable Cells

In the second step we identify the set oflUnknown ® and Inside ° cells. The
purpose ofUnknown “ cells is to ease the classi cation ofnside and Out-
side cells in the presence of small holes in the boundary description of the
trunk (see Section3.2). Consider the example depicted in Figure 4.&).
Assume that we want to pack rectangles of sizé £ 2 cells. All cells that
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(a) Unknown * cells (b) Inside * cells

Figure 4.6: Examples of unusable cells. The cells that are marked by an
X-shaped cross can never be covered by a rectangledf 2 cells.

intersect the boundary of the trunk are already labeled aBBoundary . But
they do not separate the region to be packed from the exterior lmause there
is a hole in the trunk boundary.

On closer examination, we recognize that the marked cell can nevdre
covered by a rectangle. The nearbyBoundary cells rule out any position
of a box covering this cell. Therefore we can classify it asnknown “. The
combined set ofBoundary and Unknown * cells separates the region to be
packed and the exterior.

Cells labeled asunknown *° are always in close proximity toBoundary
cells. In fact, both kinds of cells play a similar role: They belong to a set
of cells that (hopefully) separates the region to be packed from th exterior.
The di erence is that Boundary cells are intersected by the boundary of
the trunk (or given boxes), while Unknown ° cells are not intersected by
those objects.

The purpose of Inside “ cells is quite di erent. Assume that some cells
are already labeled adnside . We shall later compare di erent grids with
respect to their potential for a packing of high cardinality (see Setion 4.5).
A fast and easy way is to compare the number ofnside cells. However, this
measure neglects that soménside cells can never be covered by any box.
An example with such cells is shown in Figur@ 4.6(b).

Therefore, we label such cells asnside “. The number of remaining
Inside cells gives a more precise measure of the cells that can be covered
in a packing. The algorithm that identies Unknown ° cells can be easily
extended to detect alsolnside “° cells.

The algorithm used to determine Unknown ° and Inside ° cells is de-
picted in Algorithm 4.6] For each cell c 2 G we have a ag coveredc] that
is initialized with false. We iterate over all possible box positions and orie-
tations and mark all cells that can be covered by a box. Finally we labedll
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Algorithm 4.6  Identi cation of unusable cells

UnusableCells (G
1: for all cellsc2 G do
2. coveredc] A false
: end for

3
4.
5. for all cellsc2 G do

6: for all six orientations o do

7 let b denote a box with orientation o anchored at cellc

8 if b covers only cells labeled agnside or Unknown then
9 for all cells c® covered byb do

10 coveredcd A true

11: end for

12: end if

13: end for

14: end for

15:

16: for all cellsc2 G do

17: if coveredc] = falsethen

18: if cis labeled aslnside then
19: label c asInside °

20: end if

21: if cis labeled asUnknown then
22: label c as Unknown *

23: end if

24: end if

25. end for

Inside and Unknown cells that cannot be covered by any box asnside ©
and Unknown °, respectively.

4.3.3 Inside and Outside Cells

In the last step we identify Inside and Outside cells. We have already
labeled the sets ofBoundary and unusable cells. Some of the cells might
already be labeled adnside or Outside . The goal is to classify the remain-
ing Unknown (Unknown °) cells as eitherinside (Inside ®) or Outside .
First we label the outmost layer of cells asOutside (we assume that
the grid is large enough, such that the cells of the outmost layer eitbr are
labeled asUnknown or are already labeled a®Outside ). Next we look at
maximal connected components ofunknown and Unknown ° cells. We
examine the labels of all cells adjacent to such a component. Basea the
set of these labels we classify the cells in the component. In the end,nb
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Algorithm 4.7  Identi cation of Inside , Inside ® and Outside cells

InsideAndOutsideCells (G
1: I Af Inside ; Inside °g
2. O Af Outside g

3: 19A | [f Unknown g

4: O°A O[f Unknown g

5:

6: for all maximal connected componentC of Unknown cellsdo
7: L A set of labels of cells adjacent taC
8: if L\ I 6§; and L\ O=; then

9: label all cells of C asInside

10: end if

11: if L\ O6; and L\ | =; then

12: label all cells of C as Outside

13: end if

14: end for

15:

16: for all maximal connected componentsC of Unknown “ cellsdo
17: L A set of labels of cells adjacent taC
18: if L\16; and L\ O%= : then

19: label all cells of C as Inside ®
20: end if

21: if L\ O6: and L\ 19=: then
22: label all cells of C as Outside
23: end if

24: end for

cells are labeled asnside and there is exactly one component ofJnknown
cells left, we label those cells afmside .

The central part of the algorithm is outlined in Algorithm 4.7. For each
maximal connected componentC of Unknown cells we compute the set
L of labels of adjacent cells. If the component is adjacent to arnside
or Inside ® cell, and is not adjacent to Outside cells, we know that the
component belongs to the interior and label all cells in the componenras In-
side. Similarly, if the component is adjacent to aOutside cell, and is not
adjacent to Inside or Inside © cells, we assume that the whole component
lies in the exterior and all cells in the component are labeled a®utside .
We also look at maximal connected components obbnknown ° cells and
classify them according to similar rules.

These conditions ensure that we do not end up witlfOutside cells adja-
cent to Inside (or Inside ) cells. Note that we do not distinguish between
Boundary and Unknown *“ cells in the rst loop of the algorithm. In the
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second loop, we act conservatively and treanknown cells asOutside if
the component is adjacent to aninside cell and vice versa.

For e ciency reasons, we do not explicitly compute the maximal con-
nected componentsC. We rather directly compute the setsL of labels of
adjacent cells.

There are three cases in whiclunknown cells remain or the classi ca-
tion of Inside , Inside ® and Outside cells is incorrect:

2 There are two or more components ofJnknown cells that are neither
adjacent to Outside nor Inside (or Inside °) cells (see Figuré 4.7(3)).
We cannot decide whether these components belong to the interiar
exterior. The same holds if there is only one such component and s@m
cells elsewhere are already labeled dsside .

2 There is a large hole in the boundary of the trunk such that a compo-
nent of Unknown cells is adjacent toOutside as well asinside (or
Inside ®) cells (see Figure 4.7(b)). We cannot decide which of these
cells belong to the interior and exterior, respectively.

2 There is a large hole in the boundary of the trunk such that a com-
ponent of Unknown cells is adjacent to Outside cells, but not to
Inside (or Inside °) cells (see Figuré 4.7(c)). The whole component is
wrongly classi ed asOutside .

In the rst case, we ask the user to classify the components asiside or
Outside . The problems in the second and third case originate from holes
in the boundary description of the trunk. There are holes large enagh such
that a box can pass them. As we mentioned in Section 3.2, we only allow
small holes in the input data. The user must close such large holes maally.

4.4 Transformation of Grids

In this section we discuss e cient ways to update the cell labels aftera
transformation of the grid. Translations for instance are heavily wsed to
nd a good placement of the grid (see Section 4.5). To obtain a reasale
runtime, an e cient implementation of the translation process is necessary.
A natural way to do this is not to recompute the cell lables from scrach, but
rather to reuse the information that was valid just before the transformation.

We are given a grid G with origin o, orientation R and spacingl. All
cells of G are already classi ed. Suppose we want to classify the cells of a
grid G®with origin 0f orientation R°and spacingl®

A change in exactly one of the three grid parameters can be assotad
with three classic kinds of transformation: scaling (), translation (0) and
rotation (R). In the remainder of this section we discuss the general problem
of arbitrary transformations. Special cases of scaling and traration are
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(a) Two or more connected compo- (b) Due to a large hole in the boundary
nents of Unknown cells are neither a connected component of Unknown
adjacent to Outside or Inside (or cells is adjacent to Outside as well as
Inside °) cells. Inside (or Inside °) cells.

(c) Due to a large hole in the boundary
a connected component of Unknown
cells is adjacent to Outside cells, but
not to Inside (or Inside °) cells.

Figure 4.7: Situations in which Unknown cells cannot be labeled correctly.

discussed in more detail in Section 4.4!11 and 4.4.2, respectively. Rotahs
are hardly needed in our application. Typically, the orientation of the grid
is xed in the beginning, whereas origin and spacing are changed froninhe
to time.

The algorithm for the general case is outlined in Algorithm 4.8. For eal
cell cof the transformed grid G° we compute the setS of cells of the original
grid Gthat intersect c® The setL denotes the labels of all cells irS. There
are two cases in which we can directly determine the correct label ahe
cell & In all other cases,is labeled asUnknown .

Note that there is no rule that labels c’asBoundary if S= f Boundary g.
(One might expect such a rule, given similar rules forinside and Out-
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Algorithm 4.8  Computation of cell labels after transformation of G into G°

TransformGrid ~ (G; G9
1: for all cellsc®2 G%do
22 SAfc2Gijc\ °6 ;g
L A set of all labels of cells inS
if L uf Inside ;Inside g then
label ° as Inside
else if L = fOutside g then
label c® as Outside
else
label c® as Unknown
10: end if
11: end for

side cells.) Consider aBoundary cell c2 G and a scaling operation that
halves the spacing of the original grid. The cell c is decomposed into eight
smaller cells, but not necessarily all of them intersect the boundanof the
trunk (or given boxes). We cannot classify the smaller cells without dirther
computational e ort. Therefore, for the time being such cells arelabeled as
Unknown .

A similar e ect can be observed for translation operations (see Fig-
ure/4.8). The left gure shows four adjacent cells that are interseted by the
trunk boundary, and consequently, are labeled a8oundary . The trans-
formed grid G%in the right gure is obtained by a translation in horizontal
direction by I? The upper cell in the center is completely covered bydound-
ary cells of G, but does not intersect the boundary.

Algorithm 4.8 returns a grid with cells labeled asiInside , Outside and
Unknown . The sets of Inside and Outside cells of G° approximate the
corresponding sets ofs. In order to get rid of Unknown cells, we rerun the
algorithms presented in Section 4.8. Their runtime improves signi canly
compared to the case where all cells are labeled &mknown .

In particular, we are interested in transformations that keep the rumber
of Unknown cells as low as possible. The nhumber diinknown cells is in
direct relation to the size of the setsS: The larger the setS, the higher is
the number of Unknown cells.

4.4.1 Scaling

A scaling of a grid relates to a change of the spacing parametéy the orien-

tation R and the origin o remain unchanged. We denote the ratio of the old
value | and the new valuel®by k := 1=19> 0. We restrict ourselves in the
following to k 2 N, i.e., all cells of the given grid are subdivided uniformly
into k® cells. In practice, we only use the valueg = 2.
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(a) Original grid G (b) Translated grid G°

Figure 4.8: State of cells covered boundary cells. Cells that are entirely
covered byBoundary cells of a dierent grid do not necessarily intersect
the boundary of the trunk.

Consider the algorithm presented in Algorithm 4.8. Each cellc® of the
transformed grid G’is covered by exactly one celt of the original grid G. In
other words, the setsS and L in Algorithm 4.8 contain exactly one element.
Thus the entire space previously covered bynside and Outside cells is
still covered by appropriate labeled cells [nside ° cells are replaced asn-
side cells).

We want to attract your attention to a phenomenon that occurs in con-
junction with scaling. Consider the example in Figure_ 4.9. A fragment 6 a
grid G with | = 50mm is shown in Figure 4.9(a). Assume we want to pack
rectangles of sizelOOmm£ 50mm. The hole in the boundary is large enough
such that a rectangle can pass it. In general we consider such inputata
as ill-formed and require the user to x the errors. However, in this pecial
case, there is no problem, because tHgoundary cells still separatelnside
and Outside cells.

Now we scale the gridG with k = 2 and obtain a new grid G>. The result
of Algorithm 4.8lis displayed in Figure 4.9(b). The information abound In-
side and Outside cells has been carried over to the new grid. All cells that
constitute the former Boundary cells are now labeled ag&Jnknown . Next
we rerun the algorithms of Section 4.3 and classifBoundary and unusable
cells (see Figuré 4.9(&)). Becausinside and Outside cells are no longer
separated byBoundary (or Unknown *) cells, we fail to further reduce the
number of Unknown and Unknown “ cells.

Consider both branches ofUnknown ° cells. On one hand, these cells
are adjacent to Outside cells. On the other hand, they are far away from
Inside cells (distance is measured as the length of a shortest path ain-
known or Unknown * cells). Intuitively, one would classify these cells as
Outside . In a similar way, one would classify the lower and upper branch
of Unknown cells aslInside .

We present an algorithm based on this idea (see Algorithm 4.9). First,
we use breadth- rst search to compute the valuedlisto and dist, for each
Unknown and Unknown “ cell. The valuesdistp[c] and dist,[c] denote
the distance of cellc to the next Outside and Inside (or Inside °) cell,
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(a) Initial situation (b) After scaling (c) Unsatisfying result
(d) disto values (e) dist; values (f) Improved result

Figure 4.9: A problem caused by large holes in the boundary. The bowary
of the trunk contains a hole larger than100mmE 50mm (a). After scaling (b),
the sets ofInside and Outside cells are no longer separated boundary
cells, which leads to unsatisfying results (c). The results can be impwred (f)
by taking into account the shortest distance to the sets ofOutside (d) and
Inside (e) cells.
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respectively. The values ofdisto and dist, in our example are shown in
Figure |4.9(d) and |4.9(e). We compare the ratio of both values with tvo
thresholds t; and tg with t; < to. If a threshold is exceeded, the cell is
labeled accordingly. If the distance ratio is contained in the intervallt, ; to],
the cell label remains unchanged.

The result fort; = %1 andtp =4 is depicted in Figure\4.9(f). Apart from
a few cells close to the hole, all cells are labeled as desired.

Algorithm 4.9  Labeling of cells based on distances to other cells

CompareDistances (G
1: compute dist; and distp for all Unknown and Unknown * cells of G
2:
: for all Unknown and Unknown ° cellsc2 G do
if dist, [c]=disto[c] >t o then
label ¢ as Outside
else if dist,[c]=distp[c] <t then
label ¢ as Inside (or Inside )
end if
end for

© o N O R ®

4.4.2 Translation

A translation of a grid is related to a change of the origino; the parameters
for orientation R and spacingl remain the same. We denote the distance
between the old and the new origin, expressed in the local coordinatsystem
of the grid, by d := Ri 1(0% o).

A translation by any element of | ¢R ¢Z 2 does not change the subdivision
of the space into cells it just changes the indices associated with eah cell.
Therefore we can restrict ourselves tal 2 [0;1)3.

Consider the algorithm presented in Algorithm[4.8. It holds|Sj - 8,
since each celk? of the transformed grid G° is covered by the union of at
most eight cells of the original grid. More exactly, it holdsjSj = 2!, wherei
denotes the number of components odl that are not equal to zero.

The casei = 1 corresponds to translations along one axis of the grid.
Each cell of the transformed grid is covered by the union of two adjcent
cells of the original grid. Such translations will be extensively used intie
following section.

4.5 Optimization

The previous sections explained how to classify the cells of a grid, primed
the parameters that describe its geometry are given. We did not yteexplain
how to choose these parameters.
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(a) 32 Inside cells, 4 rectangles (b) 35 Inside cells, 3 rectangles

Figure 4.10: Drawbacks of a simple optimization criterion (I). Both set of
Inside cells have similar shape, but di er in cardinality. Although the set
in the right gure is larger, the size of an optimal packing is smaller.

Our ultimate goal is to compute a packing of as much boxes as possible
Since the computation of packings is computationally very expensivewe
cannot run our algorithms on several grid instances. We have to copute a
single grid on which all following computations are based.

Clearly, the number of boxes that can be packed is bounded by the
available volume. In the discrete setting, the available volume corresmnds
to the number of Inside cells. Therefore, a natural choice for a quality
criterion is the number of Inside cells.

However, a higher number oflinside cells does not necessarily imply a
packing of higher cardinality. Such a simple criterion does not take inb
account the relative positions of thelnside cells (which relate to the struc-
ture of the corresponding con ict graph). We present two exampls that
demonstrate the drawbacks of this criterion.

Figure shows two grids that have a similar shape, but a dierent
number of Inside cells. The left grid consists of32 Inside cells and can
be packed with four rectangles of sizé £ 2 cells. The right grid consists of
even35Inside cells, but cannot be packed with more than three rectangles.
Figure4.11 shows two grids that have the same number dhside cells, but
a di erent shape. The rectangular shape of the left grid allows a padng
with four rectangles, whereas a maximum packing for the irregulashaped
grid on the right consists of three boxes.

We have seen that the number ofinside cells has its drawbacks as a
quality criterion. We use it nevertheless because it can be evaluatedery
fast. An improved criterion is proposed as an item for further workat the
end of this thesis (see Section 7.2).

We brie y discuss the in uence of spacing, orientation and position of
the grid on the number of Inside cells. The choice of the spacing and
the orientation is left to the user because it is quite easy to come up ith
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(a) Rectangular shape, 4 rectangles (b) Irregular shape, 3 rectangles

Figure 4.11: Drawbacks of a simple optimization criterion (I1). Both sds of
Inside cells have the same cardinality, but dier in shape. The irregular
shape in the right gure leads to a smaller packing.

a meaningful choice, and thus to strongly reduce the number of pgential
grids. On the other hand, it is quite di cult for the user to select a go od
origin for the grid. Therefore, we apply an optimization scheme to impove
the position of the grid.

We leave the choice of the spacing of the grid to the user. The spagn
has a strong in uence on the number ofinside cells and on the overall
complexity of the discrete problem. The requirement thatn ¢/ = 50mm holds
for some integern limits the number of choices forl to 50mm, 25mm and
12.5mm. A spacing of 50nm is quite coarse and often leads to unsatisfying
results. On the other hand, the problem complexity is quite small andesults
can be obtained very fast. Most of the time, a spacing of 2Bm provides a
good compromise between problem complexity and quality of the obiaed
solution. We also use ne grids with a spacing of 12Mm for smaller volumes.
Grids with a spacing of 6.2%nm (or even less) lead to packing problems that
are too large for the presented algorithms.

Similarly, we leave the choice of the orientation to the user. Usually, lhe
shape of the trunk gives a strong suggestion for a promising orieation. In
most instances, there is a large, planar face, e.g., the oor of the tmk. In
order not to waste too much space, it is reasonable to align the grid ith this
large face. The faces bounding the large face, e.g., the walls of theunk,
indicate good choices for the last degree of rotational freedom.

The orientation of the grid defaults to the orientation of the global coor-
dinate system and can be overridden by the user in the following wayThe
user may specify up to three planes (the planes orthogonal the as of the
global coordinate system are the default). A plane can be speci edither by
selecting three vertices or by picking a face. We apply an orthogotization
scheme to the speci ed plane normals. The resulting vectors deterime the
axes of the grid (column vectors ofR). Two planes are su cient to de ne
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the orientation. The third plane is used to specify the position of thegrid:
The intersection point of all three planes is used as an initial value fothe
origin.

We use a simple brute-force approach to nd a good candidate for th
origin. Suppose the grid is aligned with a face with norma(0; 0; 1)". We are
left with two degrees of translational freedom, e.g., the origin of tle grid can
be translated in the plane spanned by(1;0;0)" and 0,1, 0)". We choose a
parameterk 2 N and translate the initial origin by (iRI; L1, 0) for all integral
pairs (i;j ) 2 [0;k)2. We return the instance that has the highest number of
Inside cells. Our brute-force approach can be easily replaced by local seh
methods (see Section 7.2).



Chapter 5

Algorithms

In this chapter we present di erent algorithms to solve the optimization
variant of the Discrete-Box-Packing problem (see De nition [2.3). The
input of the problem is given as follows: We are given a cubic grids, a
parametern 2 N and a subsetl p Z2 of the set of grid cells. The parameten
is a small constant that relates the spacind of the grid to the extensions of
the boxes. More precisely, the boxes consist @h £ 2n £ n grid cells, and it
holdsn ¢l = 50mm. The setl de nes the cells that are available for packing.
The union of the cells inl is an inner approximation of the trunk interior.

Given the setl and the parametern, the geometric parameters of the
grid G are irrelevant for the Discrete-Box-Packing problem. The spac-
ing | of the grid is encoded by the parametem; the origin o and the ori-
entation R do not matter. The latter two parameters are solely needed to
transform a solution back into three-dimensional space. For simplity, we
can assume that the grid is axis-aligned; hence the boxes are thertzsian
product of right-open intervals.

The task, as formulated in the de nition of the Discrete-Box-Packing
problem, is to compute a maximum packing of cell-aligned boxes with exn-
sions4n, 2n and n, i.e., a maximum set of boxes such that only cells ih are
covered and each cell il is covered by at most one box. Given the prob-
lem di culty, we relax the problem as follows: We are not only interested
in maximum packings, but also in packings with a cardinality close to the
optimum. First we present a problem formulation based on integer linar
programming (ILP), which can be used to compute a maximum packing.
Further presented algorithms are heuristics.

The Discrete-Box-Packing problem can also be formulated in a dif-
ferent way. Given the input (G;n;l), it is straightforward to compute the
corresponding conict graph G := G(G) as de ned in Section/4.1.3. Then
the Discrete-Box-Packing problem (G; n; 1) corresponds to a maximum
stable set problem for the con ict graph G.

71
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Both representations have their advantages and disadvantage§ he grid
representation is compact and encodes the geometric structuref the prob-
lem. The representation as con ict graph explicitly represents all pasible
boxes (nodes) and con ict pairs (edges). It also o ers other usefuinforma-
tion, e.g., node degrees. On the other hand, the con ict graph regues more
space and hides the geometric structure of the grid. For examplajiven the
grid representation, the maximal cliques of the con ict graph can beeasily
computed. Depending on the nature of the algorithms, we will use €liter
one or the other representation.

We remark that¥t_h_ere are two upper bounds for our packing problen.
The trivial bound %3" relates the volume of a box to the total volume
of the cells inl. This bound does not take into account the shape of the
trunk. A second, better bound can be obtained from a linear proggmming
formulation of the problem (see Section 5.1.2 for details).

For practical reasons, all algorithms have to adhere to a given timéound.
After this time has elapsed, the algorithm has to return a non-trivial, prob-
ably suboptimal packing. This requirement rules out algorithms that have a
xed runtime (depending on the instance, of course) and do not prduce any
intermediate solution until the very end. For example, an algorithm that
works on subsets of boxes that do not denote a valid packing is impcécal,
unless its runtime can be controlled.

We distinguish two classes of algorithms. One class calledirect ap-
proachescontains all algorithms that can solve the given problem on its own.
The algorithms in the second class calledivide-and-conquer approachegen-
erate a set of smaller subproblems, which require an algorithm fronhie rst
class as a subroutine. We want to remark that the divide-and-conager ap-
proaches are not recursive as it is the case for typical divide-andenquer
algorithms. The subdivision step occurs only once rather than seval times.

5.1 Direct Approaches

In this section we discuss ve direct approaches for theDiscrete-Box-
Packing problem, i.e., algorithms that do not require another algorithm
to solve subproblems. We begin with a fast and simple greedy heuristic
Afterwards, we turn to integer linear programming (ILP) techniques and
present an algorithm that is capable of computing an optimal solution We
continue with a heuristic based on the linear programming (LP) relaxaton.
It follows an algorithm called Reactive Local Searchwhich is based on tabu
search. Finally, we present a simple, but promising heuristic calle@imple Il .

For reasons of simplicity, code related to the compliance of the time
bound is omitted from the pseudocode descriptions. Suitable stateents
can be easily added to the main loop of the algorithms.

5.1.1 Greedy

The most obvious idea for a heuristic for the maximum stable set prolem
in a graph is to use a greedy approach. The Greedy algorithm selecésnode
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with minimum degree from the conict graph G and adds it to the stable
set determined so far, then removes this node and all its neighborsom
the graph and repeats. Priority queues can be used to e ciently skect a
node with minimum degree. The pseudocode for an implementation usin
such a priority queue is shown in Algorithm/5.1. The setN;(v) denotes all
nodesu 2 V for which the length of a shortest fromu to v equalsi (all edges
have unit length).

Algorithm 5.1  Greedy algorithm

Greedy (G(V;E))
1: SA;
: Q A priority queue containing nodesV, sorted by non-decreasing degree
while Q 6 ; do
vA GetMin (Q)
SA S[f vg
removev and N1(v) from G and Q
update degrees oN»(v) in Q
end while
return S

© 0N R®DN

The Greedy algorithm tends to place boxes rst close to the bounday
of the trunk. It keeps adding boxes close to the boundary of the mmain-
ing space, and hence lIs the trunk from the boundary to the center This
behavior is due to the fact that placements close to the boundary fothe
available space are in con ict with fewer other placements. Correspadingly,
nodes representing the former placements have lower degree thaodes rep-
resenting the latter.

Usually there are several nodes with minimum degree; thus the imple-
mentation of the priority queue determines which node is actually cheen.
Instead of selecting a xed node, we can choose a node with minimum dexp
uniformly at random. This modi cation can be accomplished by replacing
the priority queue with an array holding the node degrees. The time ¢ se-
lect a node increases, but is still dominated by the update costs andoes
therefore not drastically in uence the runtime. By repeating the randomized
version several times, we can improve the size of the computed &tia set at
the cost of runtime. We compare the deterministic and randomized ersion
in Section6.1.1.

5.1.2 Integer Linear Programming

Integer linear programming (ILP) techniques for packing problems hae been
extensively studied (see for example [Bea85] and [HC95]). Theoredilty, an
algorithm based on ILP techniques guarantees in contrast to all oth er pre-
sented algorithms an optimal solution of the maximum stable set pro blem.
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However, the required runtime increases exponentially with the prblem size.
Our instances are often too large to obtain an optimal solution in reaon-
able time. Nevertheless, an algorithm based on ILP is an important toofor
smaller subproblems.

In our ILP formulation of the stable set problem, we use a decision vari-
ablex, for each nodev 2 V. The variable x, indicates whetherv is contained
in the stable set (xy, = 1) or not (xy = 0). Recalling the de nition of stable
sets (see De nition[2.5), w)((e directly obtain the so-callededge formulation

max Xy
u2Vv

Xu+ Xy« 1 forall fu;vg2 E
xy 2 10;1g forallv2 V:

It is easy to see that the vectorsx that satisfy the constraints of (5.1)
are exactly the characteristic vectors of stable sets ob.

Let P denote the polytope that is de ned by the convex hull of all vec-
tors x that satisfy the constraints of (5.1). Let Pe denote the polytope of the
LP relaxation of (5.1), i.e., the set of all vectorsx that satisfy the constraints
Xy + Xy - 1for|§II fuyvg 2 E and xy , Oljor allv2 V. Itholds P pu Pg,
and hencemaxf ,\, Xy jx 2 Pg- maxf .\ Xyv]jX 2 Peg. The optimal
value of the LP relaxation is an upper bound for the optimal value of [(51).

The goal is to use a strong problem formulation, i.e., a set of constmats
such that the polytope of the corresponding LP relaxation is as smalbs
possible. In particular, we are interested in constraints that de ne fcets of
the polytope P. A trivial class of such facet-de ning constraints isx, , 0
for all v2 V. We present two other classesmaximal clique inequalitiesand
lifted odd hole inequalities

(5.1)

Maximal Clique Inequalities
De nition 5.1 ( Clique ). A subsetC of the nodesV of a graphG = (V;E)
is called clique if each pair of nodes fromC is connected by an edge ifE.

The following observation follows directly from the de nitions of cliques
and stable sets (see De nition 2.5).

Proposition 5.2. Let S be a stable set andC a cli%ue, thenjS\ Cj- 1.

It follows that for each cliqgue C the inequality ., Xy - 1is a valid
inequality for P. Thus we o)?tain the so-calledclique formulation

max Xy

u2v

X
Xy« 1 forallC2C (5-2)

va2f0;1g forallv2 V;
where C denotes the set of all cliques of.

v2
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Let Pc denote the polytope of the LP relaxation of (5.2). Note that the
clique inequalities imply the edge inequalities of/(5.1). Henc® p Pc p Pg
holds. With the exception of some pathological caseBc ( Pg holds, i.e.,
the clique formulation is stronger than the edge formulation. In partcular,
the optimal value of the LP relaxation based on the clique formulation isnot
larger than the corresponding value based on the edge formulationHence
the former value is a better (or equal) upper bound for the packingoroblem.

It is not necessary to consider all clique€ 2 C. We can restrict ourselves
to the subset Grax U C of maximal cliques, i.e., cliques that are maximal
with respect to set iry;lusion. LetC 2 Chax be a maxim%L clique andM pu C.
Then the inequality ,,- Xy - 1limplies the inequality ,,, Xy - 1. Thus
we can replaceC by Gnax in (6.2) and obtain the so-calledcomplete clique
formulation (see [SVA00]):

X
max Xy

u2v

X

2Cx\,2f0;1g forallv2 V;

"

This modi cation signi cantly reduces the number of inequalities. The poly-
tope de ned by the LP relaxation of (5.3) is equal to Pc.

The importance of maximal cliques is established in the following result
by Padberg (see [Pad73]):

Proposition 5.3. If C 2{hax is a maximal clique ofG, then the corre-
sponding clique inequality ,,- Xy - 1 de nes a facet ofP.

Erdos [Erd62], and later Moon and Moser [MMG65] proved that the
number of maximal cliques in a general graph is exponential in the nuber of
nodes. But in our case, the class of con ict graph& has a special structure,
such that the number of maximal cliques is polynomial injVj. Moreover,
the set of all maximal cliques ofG can be computed in polynomial time.

In order to proof this result, we start with an observation that establishes
a relation between cliqgues and sets of boxes:

Proposition 5.4. A clique of G corresponds to a set of boxes with non-empty
intersection.

We need the following argument to proof the statement. A generaliation
thereof for closed convex sets in any dimension was proved hiyelly in
[Hel23].

Proposition 5.5. Let| = fly;:::;1nmg be a-lset of right-open intervals such
that1;\ 1; 6 ; forall 1- i<j - m. Then (1, 1;6 ;.
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Proof. De ne | :=min [; and I :=sup ;. Sincel;\ lj 6 ;,itholds I; < W
foraff 1. i;j ¢ m. It follows that | := maxy. . mli < ming. ;. mli =
and 2, 1= 1;1 6. O

We are now able to present the proof of Proposition 5.4.

Proof of Proposition 5.4. We are given a cliqueC = fv; 2 Vj1- i - mg
in G. Let B; denote the box corresponding to nodev;. Let | X denote the
projection of box B; onto the k-th axis of the coordinate system. Any pair
flk; Ijkg of such intervals has non-empty intersection since the correspding
nodesv; and v; are contained up the cligueC and hence are adjacent. By
Proposition 5.5, we havel * := "™ 1K & ;. Note that each box B; is the
cartesian product of its projection intervals | 1£ 12£ 13. Hence the cartesian
product 11 £ 12£ 13 6 ; is contained in any boxB;. It follows that the

intersection of all boxes is not empty.

empty intersection. Thus any pair of boxes has non-empty intersetion and
the corresponding nodes are adjacent. Hence the set of noddsat corre-
sponds to the set of boxe® is a clique ofG. O

The next result follows directly from Proposition [5.4:

Corollary 5.6. A maximal clique of G corresponds to a maximal set of boxes
with non-empty intersection.

Recall that the boxes consist of a set ofin £ 2n £ n cells. Hence non-
empty intersection is equivalent to the intersection covers at leat one cell .

Consider a cellc 2 G. The maximal set of boxes that cover the cellc
is calledthe (set of) boxes generated by the call Similarly, the clique that
corresponds to this set of boxes is callethe clique generated by the ced.

Note that there are cells such that the generated clique is not maxirl.
This is due to the fact that there are cellsc 2 | such that the set of boxes that
cover the cellc is restricted by the geometry of the trunk. As a consequence,
there might be cells in close proximity to ¢ such that the generated set of
boxes is strictly larger than the set of boxes generated by.

Note also that there are maximal cliques such that the intersectionof
the corresponding boxes covers more than one cell. In other worddistinct
grid cells do not necessarily generate distinct cliques. For exampleoo-
sider a tunnel of cells with a cross section of sizn £ n cells and su cient
length. The shape of the tunnel enforces the same orientation fall boxes.
There are maximal cliqgues ofdn i 1 nodes such that the intersection of the
corresponding boxes cover@n £ n cells. All these cells generate the same
clique.

We take both observations into account when generating the setfanax-
imal cliques.
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Proposition 5.7. The numberjCnaxj of maximal cliques is bounded by |.
The size of any maximal clique is bounded #8n3. The setCnax 0Of maximal
cliques can be enumerated in polynomial time.

Proof. Corollary 5.6 and the subsequent observation yield that the num-
ber jChaxj of maximal cliques is bounded by the number of the celld j.

Boxes consist ofdn £ 2n £ n cells and there are six orientations per box.
Hence the set of boxes generated by a cell contains at mo48n2 items. This
number bounds the size of any clique o6.

We compute the setGyax Of maximal cliques as follows: Fix a celc 2 |
and compute the set of boxes and the clique that is generated by i cell.
We assume that we can check in constant time whether a particular &x
covers only cells marked agnside (this information was already computed
during construction of the conict graph). Hence the clique generged by
the cell ¢ can be computed inO(n®) time. We check whether the clique is
maximal which can be done inO(jVjn?) time. We also check whether the
cligue has already been generated by a previously considered cell. i$iktheck
requires O(jl j n®) time provided that the node sets of all cliques computed
so far are sorted by a common criterion (which can be easily achieveay
construction). If both checks succeed, add the clique to the setfanaximal
cligues. Repeat for all cellsc 2 |. The total running time of this algorithm
is O(jl jn3(jl j + jVj)). O

We remark that the algorithm described in the above proof is not vey
e cient. Actually, it is not necessary to implement a Iter that remove s
generated cliques that are not maximal. State-of-the-art ILP solve contain
a so-called presolve phasethat e ciently eliminates such redundant con-
straints.

Lifted Odd Hole Inequalities

Chvatal proved in [Chv75] that the polytope P consists of facets that
cannot be described by non-negativity or maximal clique constrairg, unless
the underlying graph is perfect. Padberg described in [Pad73] a third class
of facet-de ning inequalities, the so-calledlifted odd hole inequalities

De nition 5.8 (  Odd Hole ). A subsetH of the nodesV of a graphG =
(V;E) is called odd hole (or chordless cycle of odd lengthif H is a cycle
of odd length such that there is no pair of hon-consecutive matent nodes.

The following observation follows directly from the de nition of odd holes
and stable sets (see De nition 2.5).

Proposition 5.9. Let S be a stable set andH an odd hole, thenjS\ Hj -
bjH j=2c.
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It follows that for each odd hole H the constraint
X iHji 1
X JA T

v
2
v2H

(5.4)

is a valid inequality for the polytope P. In contrast to the maximal clique
inequalities, the odd hole inequalities do not de ne facets ofP. However,
there exists a sequential lifting process that strengthens an odtole inequal-
ity. The result is called lifted odd hole inequalityand it de nes a facet of P.
This lifting process works as follows: Suppose we have a valid inequality

X
®Xy - (5.5)
v2U
whereU is a subset of the node¥/. The goal is to strengthen this inequality
by adding the decision variablex, of a new nodeu 2 N1(U)nU with non-zero
coe cient ®, to the left side. Since we want to strengthen the inequality as
much as possible, we are looking for the maxima®, such that the inequality

X
®uxy + ®&Xy - (5.6)

v2U
is valid for P. If the decision variablex, is zero, then there is no restriction on
®,. If Xo = 1, then the maximal ®, is equalto j °, where® is the maximum
weight 5w, u) ®Xv Of & stable set of the subgraph induced by without
the nodes adjacent tou. We set®, to | ° and add the term ®,x,, to the left
side of (5.5). The process is repeated with the remaining nodes k1 (U)nU.

Padberg has shown in [[Pad73] that the lifted odd hole inequalities
obtained by the previously described procedure de ne facets ofP. Note
that this property holds independently of the order in which the nodes of
N1(U) nU are considered.

In contrast to the maximal clique inequalities, we do not add odd holes
inequalities a priori to the set of constraints. Instead, we dynamiclly com-
pute violated odd hole inequalities during the branch-and-cut phasend add
the corresponding constraint to the system of inequalities. Next w describe
how to identify violated odd holes.

Let x 2 [0;1]V denote a fractional solution of the LP relaxation of (5.3).
We describe how to identify odd holedd such that inequality (5.4) is violated.
We are also interested in nearly violated inequalities, i.e., odd holesl such
that X o

Xy > Hii 1 P " (5.7)
Vv2H 2
holds for some xed" > 0. The motivation for this relaxation is that the
following sequential lifting process strengthens the inequality and right pro-
duce a violated inequality. De ne for each edgee = fu;vg 2 E the edge
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weightwe ;=1 Xyj Xy, 0. Let H be an odd hole andEy the edges oH.
Then X X
We=jHji 2 Xy (5.8)
e2En Vv2H

holds and inequality (5.7) is equivalent to
X
We< 1+2": (5.9)
e2En

Gerards and Schrijver described in [GS86] a construction that re-
duces the problem of nding odd holesH satisfying (5.9) to a shortest path
problem in an auxiliary graph G% The graph G°= (V%E?9 is constructed
as follows: For each nodev 2 V we add two nodesv* and vi to V® Two
nodesu® 2 VPandvi 2 VCare adjacent inG®i the nodes u2 V andv 2 V
are adjacent inG. The edge weights inG®are de ned according to the edge
weights in G. Observe that a path from u* to ui in G°corresponds to an
odd cycle in G that contains the node u.
Since all edge weights are non-negative we can use Dijkstra's algdnn
to compute shortest paths. Find a nodeu 2 V such that there is a shortest
path from u* to ui in GOwith total length at most 1+2". The corresponding
walk in G may contain some node multiple times and may have chords, i.e.,
a pair of non-consecutive adjacent nodesStrijk et al. proved in [SVAOQ]
that this walk contains a subsequence of nodes that forms an oddoke H
satisfying (5.7). Note that an odd hole consisting of three nodes fas a
cliqgue and an inequality corresponding to a maximal clique that contaiis
this clique is already part of the problem formulation. Hence the odd ble
that was computed by the previously described procedure consisof at least
ve nodes.
Once we have identi ed a violated odd hole, we strengthen the corre-
sponding inequality using the previously described lifting procedure. We
have not yet discussed thdifting sequence i.e., the order in which the nodes
of N7y(H) nH are considered.Nemhauser and Sigismondi [NS92] present
an algorithm that computes all facet-de ning inequalities that can be ob-
tained by lifting a given odd hole inequality. We propose a simpler approeh
using several heuristics.
Note that the coe cient ®,, u2 H, is larger if the variable is considered
earlier in the lifting sequence. Thus the lifted inequality is in some sense
stronger with respect to the earlier lifted variables and weaker withrespect
to the later lifted ones. The proposed heuristics are:
2 Consider the variablesx,;u2 H ordered by non-decreasing fractional
value, i.e., the value i xy .

2 Lift each variable x,;u 2 H independently and let €] denote the ob-
tained lifting coe cient. Consider the variables x,;u 2 H ordered by
non-increasing value®y.
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2 Let Hy denote the subgraph ofG induced by H nN;(u). Note that
smaller subgraphsH, tend to produce smaller values®, and larger
values ®,. Hence consider the variable,;u 2 H ordered by non-
decreasing size of the subgrapHhi,.

2 Consider the variables in a xed order and its reverse order.

All unique inequalities obtained by these heuristics are added to the

problem formulation of the considered subtree in the branch-andut tree.

5.1.3 LP Rounding

The computation of an optimal solution of the ILP formulation presented
in the previous chapter is pretty di cult. This is not surprising, since the
Discrete-Box-Packing problem is NP-complete. On the other hand, it
is much simpler to compute an optimal solution of its LP relaxation. For
our instances, the LP relaxation can still be solved in reasonable time.

A well-known family of heuristics to exploit the information contained
in the LP relaxation is called LP rounding. These approaches round the
fractional values of the LP relaxation to integral values. Special cee is
needed to avoid violated constraints. Such heuristics are part of any ILP
solvers and can be used to obtain a lower bound for the cardinality othe
maximum stable set. Unfortunately, the quality of the solutions obtained by
these heuristics is quite bad.

Therefore we designed our own heuristic based on the values of thdé
solution. In contrast to general LP rounding heuristics, our heuristc is
speci cally tailored to the maximum stable set problem. The main motiva-
tion of our algorithm is the assumption that high fractional values are good
indicators for variables that should be xed to 1.

The LP Rounding algorithm is described in Algorithm [5.2. It takes the
graph G and an additional parameter0 - p- 1 as input. The parameterp
controls the fraction of variables that are xed in each iteration.

The algorithm starts with the LP relaxation of the complete clique for-
mulation for G (see (5.3)). Let x denote the optimal solution of this linear
program. The variable m denotes the number of variables in the linear pro-
gram that have already been xed (initially 0).

In each iteration, the algorithm considers the highest fractional vaiables
of the linear program in non-increasing order. The numbek of variables that
are considered is proportional to the remaining problem complexity I{ne 6).
If such an LP variable xj, can be set tol without violating any constraints,
an inequality that xes x;; to 1is added to the problem formulation. Note
that the set of k largest fractional variables might contain variables corre-
sponding to adjacent nodes. Thus the test in line 8 is indeed necesgaAfter
all k variables have been considered, the modi ed LP problem is resolved to
optimality. This process is repeated as long as there are fractionalariables
in the LP solution.
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Algorithm 5.2 LP Rounding (LPR) algorithm

LPR (G(V;E);p)
1. let LP denote the LP relaxation of the complete clique formulation

for G
2: X A optimal solution of LP
33 mA 0
4: while a fractional variable x; exists do
5: let the sequence(X;,; Xi,;:::) denote the fractional variables ofx,
sortedyin pon-;r}g:reasmg ordgg
6: kA max L, p¢ Mxiim
7 for j ;=1 to kdo
8: if xj, =1 does not violate any constraintsthen
9: add constraint xj; , 1to LP
10: mA m+1
11 end if

12: end for

13:  x A optimal solution of LP
14: end while

15: return fv 2 Vjxy, =1g

The parameterp controlsﬁhe fraction of variables that are xed in each
iteration (line 6). Note that ’, { Xi is the objective function of the linear
Brogram and m denotes the number of xed variables. Thus the di erence

’,V{ Xi i m is an upper bound on the number of variables that still can
be xed to 1. In the case of the extremal valuep = 1, a single iteration is
performed and exactly one linear program is solved. The variables arset
to 1 based on the order imposed by the values of the initial LP solution,
additionally taking into account the constraints. This leads to a low runtime
and also low solution quality. In the other extremal casep = 0, exactly
one single fractional variable is xed in each iteration (note the maximunm
operation in line 6). The number of LP problems equals the size of the
computed stable set. This choice leads to a good solution, but also selts
in a high runtime. The choice of the parameterp 2 (0; 1) allows to weight
the controversial goals of low runtime and high quality of the solution We

present experimental results on the choice gb in Section[6.1.3.

The following modi cation of Algorithm 5.2 helps to improve the quality
of the solution. We leave the loop in line 4 as soon as the number of fragnal
variables in the LP solution drops below a xed threshold. Afterwards, we
use the ILP algorithm to compute an optimal solution of the remaining
subproblem. Higher thresholds lead to better overall solutions, buimpose
a higher runtime at the same time.
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5.1.4 Reactive Local Search

The Reactive Local Search (RLS) algorithm is based on an algorithm with
the same name presented byBattiti  and Protasi in [BPO1]. While the

original algorithm is stated in terms of the maximum clique problem, we
present it here directly applied to the maximum stable set problem. Wegive

a high-level description of the algorithm and refer the interested eader to
the given reference for the details, including a discussion of data rstctures

for an e cient implementation.

Software systems for optimization problems often contain framewarks for
local search algorithms, see for example the tabu search framekaOpenTS
in the software package COIN-OR [COlI].

The RLS algorithm is based on a local search strategy complementeqy la
history-sensitive feedback scheme to control the amount of divsi cation. In
each iteration a local search algorithm replaces the current con gration by a
neighboring, better con guration. In our setting, a con guration co rresponds
to a stable set, and a con guration is called better than another oneif the
corresponding stable set has a higher cardinality. Two con guratios are
neighbors if they can be transformed into each other by adding or mpping
a single node.

In order to escape from local optima, the algorithm also accepts cogu-
rations that decrease the objective value. To avoid cycles, the irerse move
is prohibited for a certain number of iterations. This time span calledpro-
hibition period T is adapted during the run of the algorithm. The algorithm
keeps track of the last time step in which a given con guration was reahed.
The parameter T is increased if frequent con guration cycles occur. It is
decreased if the cycles occur seldom.

Moreover, the algorithm is restarted from a random node if the obgctive
value of the best con guration found so far has not improved aftera certain
number of iterations.

The main function of the RLS algorithm is described in Algorithm|5.3.
It starts with an initialization of the needed variables, i.e., the iteration
counter t, the time of the last restart tg, the currently considered stable
set S, the best stable setS” found so far, the time stepT® at which S® was
found, the prohibition period T, and the last time step tt at which T was
changed.

In the main loop, the function MemoryReaction (S; T) adapts the pro-
hibition period T based on the current stable se§ and the history. Then the
algorithm performs a local search step by replacing by its best neighbor.
If a new best solution is found, it is stored inS” and the corresponding time
stept” is updated. The local search is restarted if a su ciently large numbe
of iterations have passed since the last restart or improvement.

The main loop can be left at any time, e.g., if the best found stable set
S” is acceptable or a given runtime has been exceeded.
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Algorithm 5.3  Reactive Local Search (RLS) algorithm

RLS (G(V:E))

“tA O . iteration counter
tr A O . time of last restart
SA; . current stable set
S"A;: t"At . best stable set so far
TA Ltr At . prohibition period
/l initialize additional data structures

repeat
T A MemoryReaction (S;T)
S A BestNeighbor (S)
tA t+1
if jSj> jS" then
S"A S;t At
end if
if tj maxft®;trg> ¢, then
tr A t; Restart()
end if
- until  jS®j is acceptableor runtime exceeded
: return  S°

© 0 NOARE®B®NR

I e T o o =
© 0 N gk wddREO

Before we turn to the implementation of BestNeighbor (S), we need to
introduce some notation. Given a stable seS u V, we de ne

C:=fv2VnSj8u2S:(uv)6%g; (5.10)

i.e., the setC is the set of nodes ¢andidates from V nS that can be added
to S such that S still is a stable set. Furthermore, for each noder 2 C we
de ne

¢CCv]:=jfu2VnCj(u;v)2E; 8w2 Snfvg: (u;w) 62&gj; (5.11)

i.e., the quantity ¢ C[v] denotes the number of nodes that can be added tG
if the node v is dropped fromS. In other terms, it holds

st*D = sOnfvg) ¢ CcON = jctDj;j cWj; (5.12)

where the superscript indices denote the corresponding iteration

Note the parallelism between lines 1 5 (adding a node td&) and lines 7
11 (dropping a node fromS) in the implementation of BestNeighbor (S)
(see Algorithm[5.4). First we compute the subsetA of candidates that have
not been moved (i.e., added or dropped) in the lasTl iterations. If A 6 ;,
we select a nodev that will be later added to S. The node v is chosen
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Algorithm 5.4  Function BestNeighbor  of the RLS algorithm

BestNeighbor (S)

1: AAf v2 Cjt>last_movedv]+ Tg

2. if A6 ; then . if possible add node
3 typeA AddVertex

4. mA minfdeg:[v]jVv 2 Ag

5: v A random element offv 2 A j deg:[v] = mg

6: else . else drop node
7. type A DropVertex

8¢ DAfv2Sjt>last_movedv]+ Tg

9 if D6 ; then

10 M A maxf¢ C[v]jv2 Dg

11: v A random element offv2 D j¢ C[v]= Mg

12: else

13: v A random element ofS .S 6;
14: end if

15: end if

16: S A IncrementalUpdate  (v;type)

17: return S

uniformly at random among those nodes ofA that have minimum degree in
the subgraph induced byC. If A = ;, we compute the subsetD of nodes
from S that have not been moved in the lastT iterations. If D 6 ;, we select
a nodev that will later be removed from S. The nodev is chosen uniformly
at random among those nodes ob for which ¢ C[v] is maximal. If D = ;,
the nodev is chosen uniformly at random fromS.

Finally, the function IncrementalUpdate (v;type) is called. This func-
tion updates the setsS and C, as well as the quantitieslast movedv],
deg:[v], and ¢ C[v] (note that the latter two quantities need also to be up-
dated for nodes di erent from the selected nodev).

We remark that S 6 ; in line 13 holds. The assumptionS = ; implies
C = V. The implementation of the function MemoryReaction (S;T) en-
forcesT - 2(jVji 1), henceA 6 ;. Thus a node for addition is selected and
line 13 not reached.

The function MemoryReaction (S;T) controls the prohibition period T
based on the frequency of con guration cycles during the iteration For each
stable set we store the iteration counter of its last occurrence in &ash table.
Actually, for e ciency reasons, we do not use the stable setsS as keys in the
hash table but the valuesh := Hash (S) of a suitable hash functionHash ().
Experiments have shown that collisions due to this simpli cation are vey
rare and do not cause signi cant changes of the parameter .

The implementation of the function MemoryReaction (S;T) is shown
in Algorithm 5.5. The hash key h for the current stable setS is looked up
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Algorithm 5.5 Function MemoryReaction  of the RLS algorithm

MemoryReaction  (S;T)

1: h A Hash(S)

2: if hash tableHT contains h then

33 CtA tj HT[h]

4 if ¢t< 2(GVjj 1)then . frequent repetitions
5: Increase (T);tt A t . increaseT
6: end if

7. end if

8: HT[h]A t . update hash table
9:if tj tt > ¢ 5 then . few repetitions
10: Decrease (T); tt A t . decreaseT
11: end if

12: return T

in the hash table. If it is found and the repetition interval ¢ t is su ciently
short, the prohibition period T is increased (lines 2 6). In all cases, the
current iteration counter t is stored with key h in the hash table (line 8). If
no cycle occurred in the last¢ , iterations, the prohibition period is decreased
(lines 9 11). The functions Increase (T) and Decrease (T) are realized as

Increase (T)=minfmaxfb1l:1¢Tc; T +1g;jVji 29 and
Decrease (T) =min fmaxfb0:9¢Tc; T | 1g;1g:

These functions enlarge respectively reduct by 10 percent (with a minimum
change of one unit), provided the lower and upper bounds of and jVji 2
are not exceeded.

The values of the parameterst ; and ¢ , depend on the given instance.
Battiti  and Protasi propose to chooset 1 = 100jS”j and ¢ , = 10jS7j.
Experiments show that the results of the algorithm are not a ected by small
changes in the involved constants.

We remark that the RLS algorithm has a worst-case complexity oD (jV j+
JEj) per iteration (provided the graph G is stored as adjacency matrix).
Actually, this bound is very pessimistic and the average-case compliy
is much better. The algorithm requires O(jVj2 + tmax) space. All data
structures excluding the hash table need at mosO(jVj?) space. The size of
the hash table is linear in the number of iterations. The space requimaent
of the hash table can be reduced by periodically removing all entrieshiat
are no longer needed, i.e., entries older tha@(jVjj 1) iterations.

Given the special structure of the graph in our case, the space owplexity
can be further reduced toO(JEj + tmax) by representing the graphG by
adjacency lists. If the geometric parameters of a box are attachieto the
corresponding node, an adjacency query for two nodes can stilebanswered
in constant time.
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Finally, we want to present a variant of the RLS algorithm. In the
BestNeighbor (S) function the node degreesdeg-[v] in the subgraph in-
duced by C are used to break ties among the nodes i®. The question
arises whether these subgraph degreeteg:[v] can be replaced by the de-
greesdeg;(v) in the original graph G. This simpli cation alleviates the
necessity to maintain a data structure for deg:[v] (or to recompute the in-
formation when needed). Thereby, the worst-case complexity cn iteration
reduces toO(jVj). The experiments in [BP0O1] suggest that the bene t of this
variant depends on the problem instance. We investigate the perfaance
of this variant in our context in Section [6.1.4.

5.1.5 Simple ll

All previously presented algorithms use the graph based represtation of
the packing problem and solve a stable set problem on the conict gralp.
These algorithms are based on well-known techniques, e.g., linear gr@am-
ming or local search. The computed solutions are irregular, i.e., boseof all
orientations are mixed. These solutions have no recognizable struze and
are quite di erent from solutions produced by humans.

The Simple Il algorithm is based on the grid representation of the packng
problem and tries to mimic human packing strategies. Often humans xa
particular box orientation and pack the trunk in layers, starting fr om the
trunk oor. Within a layer, they start at the boundary and add boxes one
after another while trying to locally minimize wasted space. Boxes in a
di erent orientation are used for regions that cannot be packed easonably
with the previously xed orientation.

The pseudocode for the Simple Il algorithm is depicted in Algorithm/5.6.
Actually, the presented pseudocode is a simpli cation of the Simple Il algp-
rithm. First we discuss the simpli ed version. Afterwards we explain the
full construction of the Simple Il algorithm.

The outermost loop considers all six box orientations in turn. Let(w; h; d)
denote the box extensions that correspond to the orientation othe current
iteration. Let further Xmin , Xmax, and so on denote the coordinate ranges of
the cells in the setl . We use three nested loops to consider each cell inas
a box anchor. If the box with anchor (x;y; z) and orientation (w;h;d) can
be packed, it is added to the setS. To evaluate the predicate "box can be
packed", it is necessary to check whether all cells covered by thiso are in |
and whether is does not intersect any boxes its. If the box (x;y; z;w; h; d)
is packed, the nextd 1 iterations of the innermost loop variablez can be
skipped, since the corresponding boxes would intersect the justagked box.
At the end, the set S of all packed boxes is returned.

Experiments show that in our instances a very high fraction of abot190%
of the boxes of a solution are packed in the rst iteration of the outemost
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Algorithm 5.6  Simple Il algorithm (simpli ed)

Simplefill (G n;l)

1: SA;

2: for all six orientations o do

let (w; h;d) denote the box extensions corresponding to
4 for X := Xmin t0 Xmax dO

5 for vy := Ymin t0 Ymax do

6: for z .= zZmin t0 Zmax doO
7
8
9

if box (x;y;z;w;h;d) can be packedthen
add box (x;y;z;w; h;d) to S

: zA z+(dj 1) . speed-up
10: end if
11: end for
12: end for
13: end for
14: end for
15: return S

loop. In other words, the orientation considered rst dominates thesolution.
Subsequent iterations contribute, if at all, only very few boxes. A @cking
computed by the Simple Il algorithm is shown in Figure [5.1.

Now we want to discuss the construction of the Simple Il algorithm,
based on the simpli ed version shown in Algorithm/5.6. This pseudocode
does not specify the order in which the box orientations are consided. As
stated above, the orientation of the rst iteration has a strong in u ence on
the structure of the solution. Furthermore, the order of the three inner loops
has been chosen arbitrarily. In the end, the direction of the loop vaables
X, Yy and z can be independently of each other reversed. Thus there
are 6!¢3!¢2° = 34560 equal variations of the shown algorithm. Experiments
show that there is a large deviation in the solution cardinality among all
these variations. Since the depicted algorithm has a very low runtimethe
Simple Il algorithm actually repeats the given pseudocode34560times, tak-
ing into account all permutations of the orientation order, all permutations
of inner loop variables and all combinations of inner loop directions. Th
optimization in line 9 needs to be adjusted accordingly. Thereby, thecardi-
nality of the solution is signi cantly increased, while the overall runtime is
still low compared to other algorithms presented.

5.2 Divide-and-Conquer Approaches

We investigate some divide-and-conquer approaches as a respers draw-
backs of the direct approaches. Due to their runtime and space qglirements,
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(a) after the rst orientation (b) after the sixth orientation

Figure 5.1: Packing computed by the Simple Il algorithm. The majority of
the boxes has the orientation that is considered in the rst iteration.

the ILP, LPR and RLS algorithms are impracticable for larger instances. O
the other hand, the ILP algorithm is well suited for smaller instances, vhich
can be optimally solved.

With exception of the Simple Il algorithm, all direct approaches produce
solutions that do not exhibit any structure. Boxes in all six orientations are
mixed, apparently without any plan. Moreover, the set of uncoveed cells is
scattered over the whole trunk. If uncovered cells are near to théoundary,
a slight modi cation of the trunk geometry and a local rearrangemert of
boxes might make use of these regions. In contrast, the space aficovered
cells in the center of the packing is de nitively lost.

These observations are the motivation for two divide-and-conqueap-
proaches calledMatching and Easy |l . Both algorithms use a simple geom-
etry-guided heuristic to produce a tight partial packing with a clear structure.
A direct approach is used to solve the remaining, smaller subproblems

A third heuristic called Partition splits the set of available grid cells into
disjoint subsets. We take care of the waste that arises from brdang the
original problem into subproblems. Although the technique is generaand
can be used together with other direct approaches, we designedgarticularly
with the ILP algorithm in mind.

Due to the nature of the divide-and-conquer approaches, it is in con-
trast to the direct approaches not obvious how to enforce a bounded run-
time. Therefore, we explicitly discuss this issue for each heuristic. évever,
for clarity, the respective statements are omitted from the psedocode de-
scriptions.
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Figure 5.2: Construction of boxes used by the Matching algorithm. Wo
boxes consisting of4n £ 2n £ n cells are glued together to a single box of
4an £ 2n £ 2n cells. This new object can be interpreted as a box i2£ 1£ 1
cells on a grid with | = 100mm spacing.

5.2.1 Matching

This algorithm computes maximum matchings to solve subproblems, hee
the name Matching algorithm. The main idea originates from the2 £ 1-
Rectangle-Packing problem, which can be solved in polynomial time
using matching techniques (see Section 2.2). It is straightforwardd extend
this approach to three-dimensional space and to apply it to theDiscrete-
Box-Packing problem for boxes of siz£ 1£ 1.

The original packing problem for boxes of sizeln £ 2n £ n can be trans-
formed into a packing problem for boxes of siz£ 1£ 1 as follows (see also
Figure 5.2). A pair of boxes consisting o#4n £ 2n £ n cells is glued together
such that it forms a box consisting of4n £ 2n £ 2n cells. This larger box can
be interpreted as a box consisting o2£ 1£ 1 cells on a gridG° with spacing
19= 100mm.

Note that each cell of the new gridG’ consists of8n3 cells of G. Conse-
quently, there are 8n° di erent ways to align the grid G°with the cells of G.
This freedom results in not only one, but in8n3 matching problems.

The pseudocode of the Matching algorithm is described in Algorithm 5.7
It consists of two phases. The rst phase (lines 1 13) computes paral pack-
ings of boxes based on the previously outlined idea of maximum matchgs.
In the second phase (line 14), the resulting subproblems are solveding a
direct algorithm, the results are combined and the best packing is iteirned.
A packing computed by the Matching algorithm is shown in Figure 5.3.

The rst phase starts with the initialization of the list L. This list is
used to store the partial packings computed in the rst phase.

Three nested loops are used to iterate over all di erent ways to alig
the coarse grid G° with the original grid G (line 5). In each iteration we
compute the setl °, which denotes the inner approximation of the trunk with
respect to the coarse gridG (line 6). The set 19 contains all cells of G°
that are completely covered by the cells inl . Next we compute the graph
G%= (V2 E9 as follows (line 7). For each celt®2 | %there is a nodeve 2 VO
Two nodes are adjacent i the corresponding cells are adjacent. filus an edge
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Algorithm 5.7  Matching algorithm

Matching (G;n;l)

1: L A empty list . phase 1
2: for x:=0to 2nj 1do

3 for y:=0to 2nij 1do

4: for z:=0to 2nj 1do

5: G°A grid with spacing 100mm aligned with cell (x;y;z) of G
6: 10Af 92 GO cell Cis covered by cells inl g

7: GP°A graph induced by|°

8: MOA maximum matching of G°

9: SOAf (by;by) j boxesb; and by correspond to an edge i &
10: L .append (S9

11: end for

12: end for

13: end for

14: S A SolveAndCombine (G n;l;L) . phase 2
15: return S

(a) after the rst phase (b) after the second phase

Figure 5.3: Packing computed by the Matching algorithm. Note that the
boxes packed in the rst phase always come in pairs. The Greedy algithm
was used for the second phase.
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of GO corresponds to a box of siz& £ 1£ 1. Observe that the graph G%is
di erent from the con ict graph (see Section 4.1.3) used in other algeithms.
Actually, in the special case of boxes of sizB£ 1£ 1, the conict graph is
the line graph of G°.

Afterwards, we compute a maximum matching ofG® and transform it
back to the original problem (lines 8 9). Each edge in the matching caore-
sponds to a single box of siz8£ 1£ 1 on the coarse gridG’, and hence to a pair
of boxes on the original gridG. Note that there is an ambiguity with respect
to the latter. There are always two such pairs of boxes that corrgpond to an
edge inG% For example, the pairs((x;y; z; 4n; 2n;n); (x;y;z + n; 4n; 2n;n))
and ((x;y;z;4n;n; 2n); (X;y + n;z;4n;n; 2n)) correspond to the same edge
in G% This ambiguity can be resolved by restricting the set of feasible box
orientations, e.g., to the subset of cyclic shifts of(4n; 2n;n). Finally, the
partial packing SCis stored inL (line 10).

The second phase of the algorithm is implemented in the functiosolve-
AndCombine (G;n;l;L) (see Algorithm 5.8). This function realizes a ge-
neric framework for handling a set of partial packings. It iterates @er a
list L of stable setsS® which represent a partial packing of (G;n;1). For
each stable setS® we rst compute the set | %of still uncovered cells ofl
(line 3). Then the framework calls the function DirectApproach to solve
the remaining subproblem(G; n; 1% (line 4). The name DirectApproach
is used as a placeholder for one of the algorithms described in Sectibiil.
Finally, the solution S%of the subproblem is combined with the previously
computed partial packing S° (line 5). The union of S°and S%represents a
solution of the original packing problem. The framework returns a slution
with highest cardinality.

Algorithm 5.8  Generic framework for a set of partial packings

SolveAndCombine (G;n;l;L)

1: S"A;

2: for all partial packings S°in L do

3: 194 | nfcells covered by boxes ir5% . compute subproblem
4:  SO9A DirectApproach (G n;1% . solve subproblem
5:. SA SO s . combine partial packings
6: if jSj> jS7 then

7: S"A S

8: end if

9: end for

10: return S°

We remark that the graph G°is a bipartite graph. Therefore, one can
use an algorithm specialized for bipartite matchings to solve the matting
problem more e ciently.
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A Modi cation

We want to describe a modi cation which signi cantly increases the card-
nality of the computed packings. The nal packings S that are computed
in the function SoveAndCombine (G;n;I;L ) often are inferior. Even if a
subproblem of the second phase is optimally solved, the combined pgdiog S
can be easily improved. Often it is possible to locally rearrange a few les
(including some of SY and to add an additional box. The reason for this
phenomenon lies in the small size, but rather di cult shape of the sulprob-
lems of the second phase. There is simply not enough exibility to compte
a good packing.

To overcome this problem we propose the following modi cation: At the
beginning of the rst phase, we remove some of the outmost layerd the cells
in the set|. At the end of the rst phase, the original value of | is restored.
Thus the rst phase of the algorithm is restricted to the core of thesetl and
the boundary is reserved for the second phase. This modi cation irreases
the exibility in the second phase and leads to better overall packings The
bene t of this modi cation is experimentally studied in Section 6.1.5.

Alternatively, one could also remove the outmost layers of the boxethat
are packed in the rst phase. However, the previously presented athod has
the advantage that it allows a ner control.

Bounded Runtime

Finally, we want to discuss how to modify the algorithm in case of a bouded
overall runtime. The Matching algorithm consists in contrast to pr eviously
discussed algorithms of two phases and several subproblems. Ta ques-
tion arises how to distribute the available runtime among the phases rd
subproblems.

An immediate observation is that only a very small amount of time is
spent in the rst phase. Instances of typical size can be handled in atut
one minute. The vast majority of the overall runtime is used for thesecond
phase of the algorithm. Thus it is not reasonable to further limit the time
spent in the rst phase, either by restricting the set of subproblens that are
considered or by limiting the time for each subproblem.

This leaves us with the question how to allocate the remaining time to tle
subproblems of the second phase. Experiments show that in geréthere is
no correlation between the siz§SY of the partial packing of the rst phase
and the sizejSj of the nal packing. In particular, the maximum matching
among all iterations does in general not lead to the best packing adt the
second phase. Thus it is di cult to restrict the second phase to a stset of
promising partial packings.

On the other hand, the sizejSY of a partial packing of the rst phase
correlates with the problem complexity of the subproblem remaining ér the
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second phase. The smallefSY, the larger the number jI % of uncovered
cells, and hence the larger the problem complexity and required ruimne.
Moreover, experiments show that there is a large variance in the cdinality

of S® and hence also in the runtime of the subproblems of the second pse.

Therefore we propose the following heuristic: The functiorSolveAnd-
Combine (G;n;1;L ) is modi ed such that it rst sorts the partial packings
in the list L by their cardinality in non-increasing order. When using algo-
rithms with a high runtime, e.g., the ILP or RLS algorithm, we also need to
impose time limits on the individual subproblems. Whenever a subproblem
is started, we set its time limit as the total remaining runtime divided by
the number of remaining subproblems.

This strategy ensures that cheap subproblems, i.e., those with a niime
below the fair share of the total runtime, are not omitted due to time con-
straints. The di erence between the time that was allocated to andthe time
that was actually spent by cheap subproblems can be used for moexpen-
sive subproblems later. Moreover, single subproblems with an uneggted
high runtime do not disrupt the processing of the following subproblens.

5.2.2 Easyll

The Easy Il algorithm is motivated by the following simple strategy. Sup-
pose there is an initial box with anchor (x;y;z) and orientation (w;h;d).
If possible, pack boxes with the same orientation and anchoréx + w;y; z),
(x;y + h;z) and (x;y;z + d). The repetition of this pattern leads to a tight
packing with a regular structure. All boxes in such a packing have tke same
orientation.

The pseudocode of the Easy Il algorithm is shown in Algorithm 5.9.
Its structure is similar to the structure of the Matching algorithm. B oth
algorithms consist of two phases. The rst phase of the Easy Il algoithm
generates a set of partial packings which are passed to the secophase. The
second phase completes the partial packings and returns the kegsacking.
This phase is identical to the Matching algorithm.

The rst phase starts with an initialization of the list L, which stores
the partial packings. We consider each of the six possible box orieations
in turn (line 2). Let (w;h;d) denote the box extensions that correspond to
the current orientation. Next we consider all anchor cellgx;y; z) that result
in a unique packing (lines 4 6). This set of anchor cells equals the setfo
integer triples in [0;w) £ [0; h) £ [0;d). The partial packing S° consist of all
boxes anchored af(i; j; k ) with orientation (w;h;d) such that only cells in|
are covered and 2 x+wZ,j 2 y+ hZandk 2 z+ dZ. Finally, the packing
SCis stored inL (line 8).

The second phase is identical to the Matching algorithm and is imple-
mented by the function SoveAndCombine (G;n;I;L ) (see Algorithm 5.8).
Similarly, the remarks about a modi cation and the bounded runtime of the
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Algorithm 5.9  Easy Il algorithm

Easyfil (G;n;l)
1: L A empty list . phase 1
2: for all six orientations o do

3 let (w; h;d) denote the box extensions corresponding to

4: for x:=0to wij 1do

5: for y:=0to hj 1do

6: for z:=0to dj 1do

7: SOAf (i;j;k;w;h;d) 2 Z8j the box (i;j; k;w; h;d ) covers
onlycellsinl andi 2 x+wZ; j 2y+hZ; k2 z+ dZg

8: L.append (S9

9 end for

10: end for

11: end for

12: end for

13: SA SolveAndCombine (G;n;l;L) . phase 2

14: return S

Matching algorithm also apply to the Easy Il algorithm. Figure 5.4 shows a
packing computed by the Easy Il algorithm.

Although the structure of the Matching and Easy Il algorithm is similar ,
there are some di erences worth mentioning. The rst phase of theEasy |l
algorithm generates6 ¢4n ¢2n ¢n = 48n3 subproblems, whereas the Matching
algorithm generates only8n® subproblems. This di erence results from the
fact that the Easy Il algorithm handles each of the six possible box oren-
tations in a separate subproblem. In contrast, the Matching algorihm han-
dles di erent box orientations simultaneously in a single subproblem. The
larger number of subproblems increases the runtime of the Easy Il lgorithm
compared to the Matching algorithm. Conversely, if the overall rurtime is
bounded, the runtime that is available for each subproblem is reduak

5.2.3 Patrtition

The idea of this algorithm is to partition the interior of the trunk into s maller
regions. For each region the resulting packing problem can be solvedde-
pendently. Finally, the packings of all regions are combined into a solion
for the original problem.

This idea is motivated by the ILP algorithm, which computes in con-
trast to all other presented algorithms optimal solutions for the Discrete-
Box-Packing problem. Because its runtime increases sharply with the
problem size, the algorithm is practicable only for small problem instaces.

We use planes that are perpendicular to the axes of the given grid to
partition the set | into subsets. The position of these cutting planes is
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(a) after the rst phase (b) after the second phase

Figure 5.4: Packing computed by the Easy Il algorithm. Note that all b oxes
packed in the rst phase have the same orientation. The Greedy algithm
was used for the second phase.

chosen such that the emerging subproblems have roughly the samize. The
number of cutting planes depends on the problem instance and thdgorithm

that is used to solve the subproblems. For example, the ILP algorithm verks
quite well for subproblems of 50 to 100 liters (with a grid of 251m spacing).

The pseudocode of the Partition algorithm is depicted in Algorithm 5.10
In a preliminary step we calculate the extension ofl, i.e., the coordinate
ranges in all three dimensions (lines 1 6). Afterwards, we computghe po-
sition of the cutting planes (lines 8 16). The parametersky, ky and k;
denote the number of cutting planes perpendicular to thex-, y- and z-axis,
respectively. The cutting planes are approximately equally spaced ihin
the corresponding coordinate range.

The algorithm initializes the setsS and |, as empty sets. The sef stores
the partial packings computed so far. The setl; holds cells that have been
considered in previous iterations, but are not covered by any boxein S.

Three nested loops are used to iterate over all subproblems, whicire
identi ed by the triple (i;j;k ) of the corresponding loop variables. In each
iteration, we compute the setljx of cells to be considered. The sel;;x is
the union of the previously considered, but uncovered cells: and the subset
of I that falls in the currently considered region [Xi;Xi+1) £ [yj;Yj+1) £
[zx; zk+1). We use one of the direct approaches described in Section 5.1 to
solve the packing problem(G;n;ljx ). Finally, the solution S;jx of this
subproblem is added to the setS and the setl, of previously considered,
but uncovered cells is updated.
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Algorithm 5.10  Partition algorithm

Partition  (G;n;1)

1:

=
= o

e e

WNNNNMNNNNNNNER R R
©Q © X N Uk ®WNMEREOOO®ON

Xmn A minfxjoy;z2Z:(xy;z)21g . compute extension ofl
Xmax A maxfxjoy;z2Z:(xy;z)21g
Ymin A minfyj9x;z2Z:(x;y;z)2lg
Ymax A maxfyj9x;z2Z:(x;y;z)21g
Zmin A minfzjo9x;y2Z:(xy;z)21g
Zmax A maxfzjoxiy2Z:(x;y;z)21g
for i ;=0 to kg ir 1 do . comppute position of cutting planes
Xi A Xmin + kx|—+1(xmax i Xmin +1)
end for
for j :==0 to kyj+1 do K
Yi A Ymin + kyj—+1(Ymax i Ymin +1)
end for
for k:=0 to kyj+1 do Kk
zc A Zmin + kz%l(zmax i Zmin +1)
end for
SA;
I A
for i :=0 to ky do

for j :=0 to ky do
for k :=Q to kZi do ¢
L A 1o [PV [XisXien) £ 1Yy Yj+1) £ [25 Zcea)
Sijx A DirectApproach (G n;lj;jx )
SA S| Siijik
I+ A Iijx nfcells covered by boxes irSijx g
end for
end for
. end for
: return S
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No restriction on the time bound for subproblems seems unfavordé, be-
cause this might lead to a situation in which some subproblems are newe
considered, and thus the solution is far from optimal. If the subproltems are
solved independently, an approach similar to the case of the Matchip and
Easy Il algorithm is possible (see Section 5.2.1), i.e., reordering the sydrob-
lems by non-decreasing problem complexity and distributing the remaing
runtime equally among the remaining subproblems. But solving subprbolems
independently has a serious drawback (which is discussed in the neghara-
graph). The proposed solution does not work well with an arbitrary order
of subproblems. Therefore, we abandon the idea of reordering Isproblems.
In each iteration, we simply distribute the remaining runtime among the
remaining subproblems.

Note that the subdivision of the original problem into subproblems ha a
serious drawback with respect to the quality of the nal solution. Even if all
subproblems are solved to optimality, the combination of these solubns is
in general not optimal. Often it is possible to improve the cardinality of the
obtained solution by local optimization across region boundaries. Qusider
the grid depicted in Figure 5.5(a). A vertical cutting plane cuts this grid into
two regions. Any optimal solution of the given grid consists of nine bres.
Assume that the subproblems on the left and on the right are solvednde-
pendently, i.e., |, is xed to the empty set. Any such solution is suboptimal
since it consists of at most eight boxes.

The introduction of the set |, helps to avoid suboptimal situations. The
subproblems are no longer solved independently. Instead, later hdled sub-
problems are aware of uncovered cells of previous iterations. Figeir5.5(b)
depicts the same situation as before. Suppose that the left subpblem is
solved rst and the cells marked with an asterisk remain uncovered. Te
set |, adds these cells to the right subproblem, which has a packing of ve
boxes. Hence the overall solution consists of nine boxes.

To make this work, it is crucial that uncovered cells are located nexto
unprocessed regions. For example, the uncovered cells of the lsftbproblem
in Figure 5.5(c) cannot be used by the right subproblem. Next we disgss a
method to in uence the position of uncovered cells.

Weighted Stable Set Problems

Up to now, we were facing a stable set problem. The goal was to comjfe
a stable set with a cardinality as high as possible. All boxes were treat]
equally, and hence we did not have any preferences among stabldssef the
same cardinality.

Now the objective changes. We still want to compute stable sets wiit
high cardinality, but stable sets of the same cardinality are no longetreated
equally. Certain box positions are preferred over other positionsThis mod-
i ed problem can be represented as aveighted stable seproblem.
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(a) Suboptimal solution (b) Improved solution

(c) No improvement possible

Figure 5.5: Impact of the position of uncovered cells. Any optimal soltion
for the depicted grid consists of nine boxes. Independent procesg of the
two regions leads to suboptimal packings of at most eight boxes (a)The
cardinality of a packing can be increased if uncovered cells (markeditlu (*))
of previously processed regions are are taken into account (b). ddever, this
is not always possible due to the position of the uncovered cells (c).
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De nition 5.10 ( Maximum Weighted Stable Set optimization
variant). Given a graphG = (V;E) and B weight functionc : V ! R,
compute a stable se§ p V that maximizes g c(V).

We describe how to adapt the ILP algorithm to the maximum weighted
stable set problem. The LPR algorithm can be adapted in a similar way.
Other algorithms, e.g., the Greedy, RLS, or Simple Il algorithm can be mali-
ed for the weighted case by incorporating the node weights as a tidreaking
rule. P
We replace thg> objective function |, Xy in the complete clique for-
mulation (5.3) by, &/Xy. The weightsc, 2 R are computes as follows:
Let (Xv;Yv;2Zy) denote the anchor of the box that corresponds to the node
v 2 V. Let further Xmin, Xmax, and so on denote the coordinate ranges of
the cells in the current subprobleml;;x . Then, the weight ¢, is computed
as

1 (Xmax i Xv) +(Ymax i W)+ (Zmax i 2Zv)

cy=1+ :
Uik (Xmax i Xmin )+ (Ymax i Ymin ) * ( Zmax i Zmin)

(5.13)

where ujjx denotes an upper bound for the maxipum number of boxes
for this subproblem. For example, the trivial bound “g‘T“' can be used.
Note that the right factor is bounded by 0 and 1 from below and above,
respectively. The scaling 1‘actorui;jfk ensures that solutions with a higher
cardinality always have a higher objective value. Among solutions withthe
same cardinality, the objective function prefers those where thédoxes are
anchored as near as possible to the celkmin ; Ymin ; Zmin ). 1IN other words,
it prefers solutions where the uncovered cells are located next tcheé planes
X = Xmax, Y = Ymax and z = zmax. These planes are the boundaries to
adjacent subproblems that are handled in later iterations of the Patition
algorithm. Thus the algorithm can make use of the uncovered cells @it are
lost otherwise. This is also the reason why we do not reorder the sphbob-
lems. The order in which the subproblems are considered has to cespond
to the weights c,.

Observe that the introduction of the weights ¢, strongly increases the
running time of the ILP algorithm. In the unweighted case, the coe cients
c, are implicitly xed to 1 and the objective vectorc := (¢, )vov 2 RViis
the all-ones vector. In the weighted stable set problem the objecti& vector
c is slightly perturbed as depicted in (5.13). This modi cation increases he
bit-complexity of the problem description. Moreover, objective vdues are
no longer integral, but fractional. This imposes an additional burdenduring
the branch-and-cut phase. Previously, in the unweighted caseubtrees with
an LP value less than the cardinality of the best solution found so far fus
1:0 can be pruned in the branch-and-cut phase. Such an optimization iao
longer possible in the weighted case.
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Chapter 6

Experimental Results

In this chapter we give an experimental evaluation of the presentedilgo-
rithms. All instances are based on real-world data sets provided byur
industrial partner.

Our software package is implemented in C++. Itis platform-independent
and has been tested under Linux, Solaris and Windows. We use sevethird-
party libraries, namely LEDA 4.5 [MN99, Alg], CPLEX 9.0 [ILOO03b, ILO03a,
ILO], Qt 3.3.5 [BS04, Tro] and OpenGL [WNDSO01, Ope]. We use several
data structures o ered by LEDA throughout our algorithms, in par ticular,
we use graphs, hash tables, priority queues, lists, and tuples. Wdsa use its
shortest path and matching algorithms. CPLEX is used as an (I)LP solve
by our ILP and LPR algorithm. The graphical user interface is realized wih
the Qt toolkit and uses OpenGL for visualization.

All experiments were run on a SunFire 15k machine with 40 Ultra-
Sparc Il processors at 900 MHz clock speed. Our implementation single-
threaded and does not make use of multiple CPUs. Note that the give
runtimes can be reduced by a factor of two to three on modern x8b6ased
hardware. We used the GNU g++ 3.3.5 compiler with the options -O2 and
-NDEBUG.

In the rst section, we discuss algorithm-speci ¢ details, e.g., propose
variants. We continue with a general technique that is helpful to owercome
some weaknesses of the discretization process and to improve thesults.
Finally, we compare all algorithms on a large set of instances.

6.1 Algorithm-Speci c Experiments

We report on the results of algorithm-speci c experiments. We invetigate
the inuence of parameters and compare proposed variants. Theaal is
to ne-tune the presented algorithms. We do not yet compare di erent
algorithms. Such a comparison can be found in Section 6.3.

101
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(a) model A (b) model B

(c) model C (d) model D

Figure 6.1: Small set of models. The gures show the shape of the tnk
and an inner approximation by a grid with 25mm spacing?®

For this purpose, we compiled a small set of typical problem instance
The set consists of four models, which from now on we shall identify sa
models A, B, C and D. The four models represent instances of typi¢aize.
Model A is a convertible with a trunk volume of about 270 liters, mod-
els B and C are (middle and upper class) sedans with roughly 400 litersnd
500 liters, respectively. Model D is a sports car with a relatively smaltrunk
(about 60 liters). For larger instances of up to 2000 liters we refethe reader
to Section 6.3. Screenshots of these four models including a grid withspac-
ing of 25mm can be seen in Figure 6.1. For comparison, the corresponding
expert solutions are shown in Figure 4.1.

Some characteristic values of these models are depicted in Table 6.1.
For each model the table lists the value of the expert solution, bouds on
the continuous volume, and two upper bounds for the discrete volme with

3For legal reasons we may not publish the geometry of model D.
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model expert continuous volume | spacing| discrete volume
solution | lower bd. | upper bd. | [mm] | trivial bd. | LP bd.
50 276 268
A 272 319.2 353.0 o5 307 281
50 394 389
B 404 450.3 499.2 o5 427 308
50 492 486
C 513 564.3 622.3 o5 536 506
50 62 61
D 62 92.0 101.6 o5 75 64
Table 6.1: Characteristics of selected models
model spacing #nodes | #edges | density avg. #mgximal avg. si_ze
[mm] degree| cliques max. clig.
A 50 8787 649k 0:0084 147 2195 320
25 68548 627M | 0:0134 | 1830 15733 2651
B 50 12857 974k 0:0059 151 3105 331
25 95380 887M | 0:0097 | 1859 21530 2693
c 50 16358 1257k 0:0047 153 3925 333
25 126014 | 1202M | 0:0076 | 1907 27832 2762
D 50 1383 73k 0:0382 105 495 223
25 10019 6:2M | 0:0612 | 1225 3227 1824

Table 6.2: Characteristics of the con ict graphs for selected models

grids of di erent spacing. The expert solution was constructed byan experi-
enced engineer with a CAD system. The bounds on the continuous tame
were obtained using a discretization with a spacing of 12rim (models A, B
and C) and 6.25nm (model D). The lower bound is given by all cells entirely
contained in the trunk, i.e., the set of Inside and Inside ° cells. The upper
bound is given by all cells that have non-empty intersection with the trunk,
i.e., the set of Inside and Inside ® cells augmented by one additional layer
of cells. We also list two upper bounds for the discrete volume, the iv-
ial bound based on the number ofinside cells and the LP bound obtained
from the LP relaxation. Note that both upper bounds relate to the chosen
discretization, in particular they depend on the position and orientaion of
the chosen grid. We use the chosen grids throughout this sectiof.herefore,
we refer to those grids using the de nite article, e.g., the grid with 25mm
spacing of model A".

More information about the corresponding con ict graphs can be fand
in Table 6.2. This table lists the number of nodes and edges of the conic
graph, the graph density, the average node degree, and the nirar and the
average size of the maximal cliques. Note that the graph density deeases
with increasing problem size. This is due to the fact the the maximum
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model spacing| determ. randomized Greedy [I]
[mm] | Greedy [l] | min. | avg. | max. | std. dev.
A 50 260 250 | 256.0| 261 3.61
25 261 253 | 257.5| 261 2.74
B 50 373 366 | 372.6| 378 3.89
25 373 365 | 373.5| 382 5.34
C 50 464 457 | 465.6| 473 5.05
25 475 464 | 473.5| 481 4.34

Table 6.3: Comparison of the deterministic and the randomized Greedal-
gorithm

degree of a node is bounded from above independently of the prohiesize
(see Section 4.1.3).

6.1.1 Greedy

In this section we want to investigate the behavior of the randomizedrariant
of the Greedy algorithm (see Section 5.1.1). In this variant, all ties ag
broken at random. We compare this variant with the deterministic Greedy
algorithm, in which ties are broken by xed rules in the implementation of
the priority queue datatype p_queuein LEDA.

We use the three models A, B, and C, and grids of spacing m and
25mm as examples. Table 6.3 summarizes the results for the deterministic
and randomized variant. The third column of the table contains the @ardinal-
ity of the packing that was obtained by the deterministic Greedy algaithm.
The subsequent columns show the minimum, average and maximum i
nality of 1000 runs of the randomized variant. The standard deviaion is
shown in the last column. The cardinality distribution of the randomized
variant is displayed in Figure 6.2.

Surprisingly, the cardinality of the deterministic variant for model A is
very close to the maximum cardinality of the randomized variant. In general,
the maximum of the randomized variant is signi cantly higher than the result
of the deterministic algorithm. Therefore, we prefer the randomied variant
and use several runs to boost the result.

For the remainder of this chapter, the term Greedy algorithm dendes 10
runs of the randomized variant. We report the maximum cardinality found
in those runs, as well as the total runtime of all runs. This convenibn does
not only apply to the Greedy algorithm when used stand-alone, but &o in
conjunction with the Matching or Easy Il algorithm.

6.1.2 Integer Linear Programming

In this section we discuss the in uence of several options o ered by BLEX
for mixed integer problems. For example, there are dierent algorihms
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Figure 6.2: Distribution of results of the randomized Greedy algorithm

to solve linear programs. CPLEX is also capable of generating additiona
constraints for a given problem. The details for all the options menioned

in this section can be found in the CPLEX manuals [ILO03a, ILO03b]. We
also discuss the in uence of nearly violated odd hole constraints.

We refer to Table 6.4 to get an impression of the size of the integer lirze
programs. The number of binary variables equals the number of nab in
the con ict graph. The number of constraints equals the number ofmaximal
cligues. The average number of non-zeros in a constraint equalsetaverage
size of the maximal cliques.

The LP Algorithm

CPLEX o ers several algorithms to solve linear programs. Of particdar
interest for our instances are the primal simplex, dual simplex and arrier
algorithm. It is possible to select the LP algorithm independently for the
root relaxation phase and the branch-and-cut phase. We will usehe terms
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model | P29 wyariables | #constraints | 2V9° number
[mm] of non-zeros
A 50 8787 2195 320
25 68548 15733 2651
B 50 12857 3105 331
25 95380 21530 2693
c 50 16358 3925 333
25 126014 27832 2762
D 50 1383 495 22:3
25 10019 3227 1824

Table 6.4: Characteristics of the ILP formulation for selected models

root relaxation algorithm and branch-and-cut algorithm to denote the LP
algorithm used in the corresponding phase.

We compare the performance of di erent root relaxation algorithims in
Figure 6.3. The diagram shows the time needed to solve the LP relaxatio
for di erent models and root relaxation algorithms. The experiments demon-
strate that the barrier algorithm is signi cantly faster than the prim al and
dual simplex algorithm, in some cases even more than one order of gia-
tude.

10000 | | |

M- [J model A, 50 mm
. model B, 50 mm)
model C, 50 mnj
model D, 25 mnj

oo

1000E

time [s]

100f

10

primal simplex dual simplex barrier
LP algorithm

Figure 6.3: Comparison of di erent root relaxation algorithms. The barrier
algorithm is signi cantly faster than the primal and dual simplex algorit hm.

In order to measure the performance of the branch-and-cut algahm,
we consider the size of the largest stable set after a xed amount atintime.
Table 6.5 shows the results for this experiment after 24 hours of mtime.
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model spacing primal 'dual barrier
[mMm] | simplex | simplex

A 50 266 266 268

B 50 381 379 382

C 50 467 465 476

D 25 61 62 62

Table 6.5: Comparison of di erent branch-and-cut algorithms. The results
of the barrier algorithm are better than or equal to those of the gimal and
dual simplex algorithm.

In summary, the solutions of the barrier algorithm are better than a equal
to those of the primal and dual simplex algorithm. In this experiment,
the barrier algorithm has also been used as root relaxation algorithm If
the primal or dual simplex algorithm is used instead, the given numbes
decrease slightly or remain equal. The predominance of the barrietgorithm
as branch-and-cut algorithms remains una ected.

Given the above results, from now on we use the barrier algorithm as
root relaxation as well as branch-and-cut algorithm.

We would like to remark that the packing problem for model A can be
optimally solved with the ILP algorithm in 61 minutes when using the barrier
algorithm in both phases. Using a di erent algorithm (or any combination
of two algorithms), CPLEX is not able to nd an optimal solution for this
model within 24 hours. Likewise, CPLEX does not succeed in nding optiméa
solutions for models B, C, and D in the same amount of time, no matter
which of the three algorithms is used.

Other CPLEX Options

CPLEX is able to generate di erent kinds of additional constraints that cut
away non-integral solutions from the linear relaxation of the given poblem.
For example, CPLEX knows the following type of constraints (so-calld cuts):
cligue cuts, cover cuts, disjunctive cuts, ow cover cuts, ow path cuts,
gomory fractional cuts, generalized upper bound (GUB) cover cts, implied
bound cuts and mixed integer rounding (MIR) cuts.

CPLEX contains a heuristic that generates such cuts if they are helful.
Since the generation of cuts might be computational expensive, it ipossible
to provide hints to this heuristic. The CPLEX interface allows to forbid
or to encourage the generation of the various kinds of cuts. All me&mal
clique constraints are already part of the problem formulation. Thus clique
cuts can be safely turned o. It has turned out that the gomory fractional
cuts are helpful and should be encouraged. For all other kinds ofuts, we
obtained best results with the default settings.

It is possible to control the way in which CPLEX explores the branch-
and-cut tree. For example, there are di erent orders in which thenodes of the
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spacing | #maximal #violate.d #violated' lifted
model (mm] cliques odd hole ineq.| odd hole inequal.
(w/o lifting) "=0:1|"=0:2
A 50 2195 127 302 355
B 50 3105 224 600 1008
C 50 3925 57 91 100
D 25 3227 349 1033 1239

Table 6.6: Numbers of generated odd hole inequalities

tree are considered. Once a node has been selected, di erentatiegies exist
to choose the variable for branching at that node. We performedarious tests
with di erent settings for these parameters, but could not obsewre signi cant
improvements over the default settings.

Furthermore, it is possible to provide an integral solution of the prdolem
as starting solution for the branch-and-cut phase. For examplea solution
obtained from a heuristic like the Greedy or Simple Il algorithm can be usd.
This step reduces the time that the heuristic of CPLEX spends sealting for
an initial integral solution. Note that in general the vast majority o f the
runtime is spent in the branch-and-cut phase, whereas the rootelaxation
phase and search for an initial integral solution need only a small fretion of
time. Thus there is no large bene t in providing an integral solution. But if
the available runtime is sharply limited, e.g., for a subproblem, providinga
starting solution can save precious runtime.

Odd Hole Inequalities

We proposed odd hole inequalities to strengthen the ILP formulation. Vé
compare four di erent versions of the ILP algorithm: (1) default (no addi-
tional inequalities), (2) including odd holes inequalities (without lifting) , and
(3/4) including lifted odd hole inequalities, generated from nearly violged
odd holes for two values of the parametet, namely" =0:1and" =0:2.

The runtime for all experiments was xed to 24 hours. Experiments fave
shown that we hardly nd any violated (lifted) odd hole in the later phase
of the branch-and-cut process. In order to save the runtime fothe explo-
ration of the branch-and-cut tree, we restrict the generation & additional
inequalities to the rst 100 nodes of the branch-and-cut phase.

Table 6.6 relates the number of generated odd hole inequalities to the
number of given clique inequalities in the original problem formulation. As
expected, the number of violated lifted odd hole inequalities increasewith
" and is higher than the number of violated odd hole inequalities. The rab
of the number of additionally generated inequalities to the number oftclique
inequalities strongly depends on the instance.
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spacing incl. odd hole | incl. lifted odd
model [mm] default | inequalities | hole inequalities
(w/o lifting) "=0:1]"=0:2
A 50 268 266 265 267
B 50 382 383 383 382
C 50 476 475 475 466
D 25 62 62 61 61

Table 6.7: Results for odd hole inequalities

The cardinalities of the obtained solutions are shown in Table 6.7. The
heuristic contained in CPLEX, which has a large in uence on the good (ad
fast) solution for model A, seems to be negatively in uenced by the dditional
generated inequalities. While adding odd hole inequalities slightly improves
the result for model B, the results for models C and D get worse.

Originally, we expected a clear bene t from the odd hole inequalities. At
least, we did not expect a worsening of the results. Given the rathedissap-
pointing results, we opted to disable the generation of odd hole inealities
in the default con guration.

6.1.3 LP Rounding

In the following we discuss two important factors of the LPR algorithm,
namely the choice of the algorithm used to solve the linear programsmal the
choice of the parameterp.

Note that the LPR algorithm switches to the ILP algorithm when the
remaining problem complexity becomes small enough. In order to stydthe
in uence of the LP algorithm and the parameter p, we disable the switch-over
for the experiments in this section.

The LP Algorithm

In the preceding section we have shown that in the context of the ILP
algorithm the barrier algorithm of CPLEX is signi cantly faster thanth e
primal and dual simplex algorithm.

However, the setting of the LPR algorithm is slightly di erent. We do
not only have to solve a single linear program, but a series of similar linea
programs that emerge by repeatedly xing variables, i.e., adding new an-
straints. Therefore, it seems sensible to use the dual simplex algtrm in
subsequent iterations, since it can be restarted from a feasible biz solution.

We study the behavior of the following four versions of the LPR algo-
rithm.

2 barrier/primal  The barrier algorithm is used to solve the initial lin-
ear program. The primal simplex algorithm is used for the modied
problems in subsequent iterations.
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Figure 6.4. Runtime of the LPR algorithm. The runtime of the LPR algo-
rithm strongly depends on the chosen LP algorithm. The barrier algoithm
without subsequent crossover phase is about two orders of maigude faster
than the barrier/primal version.

2 barrier/dual  This version is identical to the previous one, except that
the dual simplex algorithm is used for the modi ed problems.

2 barrier The barrier algorithm is used to solve the initial as well as
all modi ed linear programs. In each iteration the barrier algorithm
is restarted from scratch. Note that the barrier algorithm does rot
produce a basic solution as it is the case for the primal and dual simpte
algorithm. Therefore, by default, a so-calledcrossover phasat the end
of each barrier invocation transforms the obtained solution into a lasic
solution.

2 parrier w/o crossover  This version is identical to the previous one,
except that at the end of the barrier algorithm no crossover to a lasic
solution is performed.

We compare the runtime of these four LP algorithms in Figure 6.4 for
several models. We use a grid with 58&m spacing for the models A, B and
C and a grid with 25mm spacing for the smaller model D. We note that the
cardinalities of the solutions for di erent LP algorithms do not signi can tly
di er. As a general observation, the runtime of the LPR algorithm decreases
with respect to the above given order of di erent LP algorithms.

The barrier/dual version is much faster than barrier/primal. This r esult
goes along with the general observation that the dual simplex algdhm of
CPLEX is often faster than the primal simplex algorithm. Moreover, the
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dual simplex algorithm bene ts from the fact that the optimal solutio n of
the previous iteration is a feasible basic solution for the modi ed problen.

Surprisingly, the barrier version is faster than barrier/dual. In particular,
restarting the barrier algorithm from scratch in each iteration is faster than
starting the dual simplex algorithm from a feasible basic solution.

The variant barrier w/o crossover was motivated by the good perbrmance
of the barrier variant. Since the barrier algorithm cannot use a bai solu-
tion as a starting point for a modi ed problem, one might wonder whether
the crossover to a basic solution is necessary at all. Clearly, omittinghe
crossover process results in a signi cant smaller runtime. On the otér hand,
the structure of the solution changes. Barrier solutions tend to le midface
solutions, whereas simplex algorithms tend to set variable values toheir
lower or upper bound. The question is, whether this change in the $ation
structure has a negative e ect on the quality of the overall packirg. It turns
out that this is not the case. There is no signi cant di erence betwee the
solution cardinalities of the barrier and barrier w/o crossover vergon.

Thus we use the barrier w/o crossover version as default for the LR
algorithm.

The Parameter p

We want to discuss the in uence of the parameterp, which controls the
fraction of the variables that are xed in each iteration. In particular, we
are interested in the runtime of the algorithm and the cardinality of the
computed solutions. The higher the parametem, the lower the number of
iterations and LP problems. On the other hand, the more variables a&
xed in an iteration, the less accurately the LP solution re ects the optimal
solution of the packing problem. Therefore, we expect that the calinality
of a solution as well as the runtime decreases with increasing value$

Figure 6.5 shows the runtime of the LPR algorithm and the cardinality
of the solution as a function of the parameterp. The experiments show that
the cardinality of the solutions slightly decreases with increasing vala of p.
The runtime is roughly proportional to pi L.

We set the parameterp to 0:05 for all further tests. In general, smaller
values do not produce better solutions, but impose a strongly higheuntime.
Larger values ofp lead to a slightly lower runtime, but often produce inferior
solutions.

6.1.4 Reactive Local Search

We implemented the RLS algorithm and associated data structures tm
scratch based on the description in [BP0O1]. We chose the LEDA datatye
leda_h_array as implementation for the hash table. Our implementation
di ers in one detail from the algorithm in [BPO1]: Since our instances ae
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Figure 6.5: Results and runtime of the LPR algorithm. The graphs displa
the cardinality of the solution and the needed runtime as a function 6 the
parameter p. The runtimes are relative to the runtime for p = 0:05 of the
respective model.

much larger than the instances presented in this paper, we canna ord
to maintain the data structure MissingList . This data structure is used
in the function IncrementalUpdate (v;type) to speed up the update of
all other data structures. The data structure requires 3jVj? int 's, which
equals 846 MB of RAM for the 5Gnm grid of the small model A with 8787
nodes. Due to the high memory requirements, we drop the data sticture
and recompute the information on the y when needed.

We compared our implementation with the implementation of the au-
thors of [BPO1]. We enabled also in their implementation the option not b
maintain the MissingList data structure, but to recompute the informa-
tion. The speed (in iterations per second) and the quality (cardinaliy of the
computed solutions) of both implementations are comparable.
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Figure 6.6: Results of the RLS algorithms. The graph displays the caidal-
ity of the solution as a function of the runtime. The solution cardinality is
scaled with respect to the LP bound of the respective model.

The size of the best stable set as a function of the runtime is depicte
in Figure 6.6. The graphs represent the average of ve runs for eacmodel.
The values are scaled such that the LP bound of the respective mobequals
1.0. In an initial phase, the RLS algorithm is often able to improve the bes
solution found so far. Later, further improvements are very rare

We would like to remark that, unlike the Greedy algorithm, the variance
in the cardinality of the obtained solutions is very small. In all tests so &r,
the cardinalities of several runs for a particular model di er by at most one,
provided the runtime is su ciently long.

Substitution of deg:[v] by degs(v)

The authors of [BP0O1] propose a variant of the RLS algorithm, in which
the degrees in the graphG are used to break ties, instead of the degrees in
the subgraph induced by the setC. This modi cation is worth considering,
since it reduces the worst-case complexity of an iteration fronO(jVj + JEj)
to O(jVj).

We compare the performance of this variant with the initial version. In
Table 6.8 we summarize the averages of ve runs for 24 hours each. h&
number of iterations per second increases by a factor of about 2ibwe use
grids with a spacing of 56nm. The increase is even higher for grids with
a spacing of 25nm. On the other hand, the solution cardinality slightly
decreases. Therefore, we reject this variant.
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spacing deg:[v] degs (V)
model [Mm] | card. iter./s | card. iter./s
A 50 2655 11319 | 2654 28462
B 50 3836 7110 | 3828 19135
C 50 4796 5347 | 4782 13597
D 25 620 2586 | 600 16998

Table 6.8: Performance of a variant of the RLS algorithm

6.1.5 Matching and Easy Il

In this section we discuss the performance gain of a modi cation for th
Matching and Easy Il algorithm. This modi cation restricts the set | in the
rst phase of both algorithms by removing some of the outmost layes of
cells ofl, and hence increases the exibility for the second phase.

We consider the three models A, B, and C the model D is too small
to give meaningful results. In contrast to other tests in this sectim we use
grids with a spacing of 2%nm. The results for the Easy Il algorithm in com-
bination with the Greedy algorithm are shown in Table 6.9. The numberk
of layers removed from the setl ranges from zero to ve. As expected,
the number of boxes packed in the second phase of the algorithm ireases
with k, while the number of boxes packed in the rst phase decreases (the
number ranges are due to the fact that the Easy Il algorithm geneates a
series of subproblems). Since the majority of the runtime is spent irthe
second phase, the runtime also increases with the parameté&r

Most interesting is the maximum number of boxes packed in both phass,
i.e., the size of the computed packing. If the subproblems of the secd phase
were packed optimally, then the size of the overall packing would in@ase
with k. Unfortunately, the size of these subproblems is too large for the
ILP algorithm. Hence we have to use a di erent algorithm, and there is ro
guarantee that an optimal solution is computed.

In our experiments the cardinalities of the packings fork = 1 are sig-
ni cantly higher than those for k = 0. Higher values fork do not seem to
produce better solutions, but need a signi cantly higher runtime. Sinilar
results can be observed for the Matching algorithm, as well as fortber al-
gorithms in the second phase. Based on these results we decidedstet the
parameter k to 1 for all further tests.

6.2 Subdivision into Several Regions

During application of the presented algorithms to a large number of istances
we found several models for which our algorithms yield quite bad redts. For
example, consider the grid with 5@nm spacing for model C. The relaxation
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model #layers | #boxes #boxes | max. #boxes rela_tive
(k) 1st phase | 2nd phase| (both phases) | runtime
0 93 229 | 32 167 266 1:.00
1 84 184 75 178 271 1:58
A 2 64 142 | 117 202 269 2:41
3 42 101 | 153 221 269 3:42
4 20 75 | 176 243 268 4:53
5 0 59 | 194 266 268 5:63
0 124 311 57 225 375 1:00
1 106 256 | 91 263 377 1:66
B 2 82 208 | 161 279 377 2:57
3 72 150 | 204 296 375 3:66
4 0 119 | 240 366 375 4:87
5 0 90 | 263 366 376 5:96
0 191 407 | 56 268 472 1:.00
1 161 347 98 311 481 1:60
c 2 142 271 | 191 329 480 2:48
3 93 219 | 232 377 480 3:55
4 15 171 | 293 455 481 4:70
5 0 136 | 315 479 481 5:79

Table 6.9: Removal of outmost layers in the rst phase of the Matchirg or
Easy Il algorithm. The removal of some layers signi cantly increases he
cardinality of the solution. Good results in terms of solution cardinality and
required runtime are achieved fork = 1.

of the linear program yields an upper bound of 486 liters, and our bés
packing consists of 480 boxes. For the grid of 28m spacing, we obtain an
upper bound of 506 liters, whereas our best packing contains only88 boxes.
In contrast to these numbers, there is a manual packing of an expienced
engineer that comprises 513 boxes.

These numbers demonstrate the drawback of the discretizationrpcess.
Not only the cardinality of the solutions, but even the upper boundsare
clearly below the size of the manual packing. The reason for this befior
is the fact that there are regions in the trunk where the set oflnside cells
poorly re ects the local geometry. In these regions, it is often pogble to
choose a di erent orientation for the grid, such that it adapts much better
to the local geometry. We identify three typical examples for suchregions in
the following subsections.

To overcome this drawback, we propose the following solution: Inss
of using a single grid, we subdivide the interior of the trunk into di erent
regions. In each region, a grid that is suited for the local geometry isised.
This idea is similar to the approach of the Partition algorithm. However, the
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motivation here is not to reduce the problem complexity, but to improve the
discretization.

The shape of the regions can often be de ned by the intersection dhe
trunk interior and a halfspace. Therefore we use oriented planescélled
separators) to cut o a region. In general, a single separator per region
su ces. In rare cases two or three separators are needed.

We need to take care that the subdivision process does not impair th
situation. For example, if the regions are processed independentlgoxes that
cross region boundaries are ruled out. We propose the following apgach.
Typically, there is a quite large main problem and a very low humber of srall
regions that have been cut o from the main problem. First we proces the
small cut-o regions. Then the solutions of these subproblems arenported
into the original problem as a xed (partial) packing. Before importing such
a solution, we consider the relative position of the subproblem and ta main
problem and use a simple heuristic to move the boxes of the subprolneas
far away from the main problem as possible. This procedure increasehe
space that is available to the main problem.

6.2.1 Storage Spaces next to Wheel Houses

Often, the width of a trunk increases behind the rear wheels. Futiermore,
the shape of the trunk also extends beneath the oor. This featue is typical
and can be found in many models. An example for this feature can beeen
in Figure 6.7, which shows model C from the left. The grid in Figure 6.7(x
is aligned with the oor of the trunk. The orientation of the grid does not t
the local geometry of the trunk. Consequently, the corresponithg packing
in Figure 6.7(b) wastes much space. In contrast, a grid that aligns wi the
local geometry is shown in Figure 6.7(c). An optimal packing for this gid
is shown in Figure 6.7(d).

Such regions can be de ned with two parallel planes that are orthogaal
to the wheel axes. The distance of the planes is chosen such thatig a
multiple of 50mm. This reduces the set of reasonable distances to a few
values. In most cases, the distances 960m, 1000nm or 1050nm are used.

A similar improvement can be achieved on the right side of the trunk.
Both measures together allow to add eight more boxes to our solutig which
consists now of 496 boxes.

6.2.2 Breaks in the Floor of the Trunk

In many car models, the oor of the trunk is a large planar face. Howeer, in
a few cases there is a break in the oor, often located near the reaeatback.
A small part of the trunk does not have a horizontal, but slightly sloping
oor (see Figure 6.8(a)). There is a large wedge-shaped region thas not
taken into account at all. Additionally, at the top of the trunk, the g rid
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Figure 6.7: Storage spaces next to wheel houses. The global grid) (and
the corresponding packing (b) are aligned with the oor of the trunk and do
not adapt to the local geometry. A local grid (c) and its packing (d) exploit
the available space much better.
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Figure 6.8: Breaks in the oor of the trunk. The global grid (a) and the
corresponding packing (b) are aligned with the oor of the trunk and do not
adapt to the local geometry. A local grid (c) and its packing (d) exdoit the
available space much better.
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Figure 6.9: Additional storage spaces. The global grid (a) and the arre-
sponding packing (b) are aligned with the oor of the trunk and do not
adapt to the local geometry. A local grid (c) and its packing (d) exdoit the
available space much better.
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has an irregular structure, which is highly disadvantageous for pddng (see
Figure 6.8(b)). We cut o the region with sloping oor and shift the grid
in this region downwards until it touches the oor (see Figure 6.8(c)) The
uncovered space has been signi cantly reduced, both at the botto and at
the top of the trunk. Thus eight more boxes can be packed into thecut-o
region (see Figure 6.8(d)). In summary, we can pack 504 boxes intdé
trunk.

6.2.3 Additional Storage Spaces

A very rare example is shown in Figure 6.9. The extension near the rea
seatback is planned to hold control devices for additional equipmene.g., air-
conditioning. In model variants without this equipment, the space is alded
to the trunk. The shape of this extension is explicitly designed such hat
exactly six boxes can be packed. An optimal placed grid and a corrpsnding
packing can be seen in Figure 6.9(c) and Figure 6.9(d), respectively.

The local grid for the additional storage space makes it possible todal
three more boxes. In total, the subdivision of the trunk into regionshas
increased the packing from 488 to 507 boxes. This value lies within anca
ceptable range of the expert solution of 513 boxes. We remark thaur com-
binatorial solution can be further improved to 513 boxes using the GCSA
approach [Rie05].

6.3 Comparison of Algorithms

For our tests we use a set of 21 models including the already preseat mod-
els A, B, C, and D. Table 6.10 gives an overview of these models, whichea
roughly ordered by increasing volume. The models H and | denote coart-
ibles and come in two variants representing an open and a closed roofn
this set we also included our largest model S, despite the fact thatmexpert
solution is available.

For each model the table lists the size of the expert solution as wellsa
the best combinatorial solution. The expert solutions were consticted by
an experienced engineer with the help of a CAD system. Note that thse
expert solutions are not bound to our discretization. To measurelie quality
of our solutions, we consider the relative deviation from the expets one. We
also list the number of regions that were used to compute the combatorial
solution (see Section 6.2).

The quality of the best combinatorial solution varies. In half of the ceses
we meet the quality requirements of at most 1% deviation. In a few cas
we are signi cantly better than the expert solution. Only in 4 of 20 cass
(models B, H1, H2 and M) we fall short of the expert solution by more
than 2%. Although a deviation within 1-2% does not meet the initially
prescribed quality bound, such solutions are still acceptable in prace. The
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type of expert | combinat. | relative .
model . . ) - #regions

vehicle solution | solution | deviation
A sedan 272 272 0:00% 1
B sedan 404 390 i 3:47% 3
C sedan 513 507 i 1:17% 4
D sports car 62 62 0:00% 1
E a 6 7 +16:67% 1
F a 46 50 +8:70% 1
G b 80 80 0:00% 1
H1 convertible® 185 171 i 7:57% 2
H2 convertibled 277 256 i 7:58% 1
11 convertible® 212 209 i 1:14% 1
12 convertibled 330 324 i 1:82% 1
J sedan 315 326 +3:49% 1
K sedan 384 391 +1:82% 1
L station wagon 396 394 i 0:51% 2
M sedan 434 425 i 2207% 4
N sedan 480 475 i 1:04% 4
O sedan 499 492 i 1:40% 3
P minivan 722 720 i 0:28% 1
Q minivan 1203 1191 i 1:00% 2
R minivan 1775 1751 i 1:35% 3
S minivan n=a 2068 n=a 3

a additional storage compartment
b spare wheel compartment

¢ open roof

d closed roof

Table 6.10: Overview of test results. For each model the table lists &
vehicle type, the size of the expert solution, the size of the best atbina-
torial solution, the relative deviation of the latter from the former, and
the number of regions that were used.

second quality requirement demands an absolute deviation of not rme than
10 liters. We meet this requirement for all models with exception of tle
models B, H1, H2 and R.

The results for both variants of model H are extremely bad. ModeH is
a convertible, therefore, its trunk is rather small and has a very omplicated
shape due to the roof-folding mechanism. For both instances theistretiza-
tion of the solution space is a too severe restriction. For examplehe LP
bound for model H1 is 178, which is already signi cantly smaller than the
expert solution of 185 boxes.

The best combinatorial solutions for models A to D are depicted in Fig-
ure 6.10.
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(a) model A (b) model B

(c) model C (d) model D

Figure 6.10: Best combinatorial solutions. The corresponding expesolu-
tions are depicted in Figure 4.1. The grids for the models A and D are siwn
in Figure 6.1; the models B and C were subdivided in several regions, hee
the grids depicted in Figure 6.1 do not match the solutions shown heré

We remark that the combinatorial solution often can be improved with
the help of the continuous SGCSA approach (see Section 1.2). In paular,
this holds for trunks with a complicated shape. If an instance is too lage
to be e ciently handled in its entirety by the SGCSA approach, if is oft en
useful to apply the SGCSA approach only to regions with a complicate
geometry, e.g., storage spaces next to wheel houses (see Sect®). For
example, the results for the models H1 and H2 can be improved to 1&ind
285 boxes, respectively [Rie05].

Detailed results for each combination of a particular model and algathm
can be found in the next two tables. The cardinality of a solution and te
actually needed runtime are shown in Tables 6.11 and 6.12, respectlye

“4For legal reasons we may not publish the geometry of model D.
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The list of algorithms comprises the Greedy, ILP, LPR and ILP algorithm,
stand-alone and in combination with the Matching and Easy Il algorithm .
Furthermore, the results for the Simple Il and Partition algorithm (t he latter
in combination with the ILP algorithm) are given.

The second column gives the time limit for each instance. Usually, we
set a time limit of 24 hours as described in the requirements for the $ovare
system (see Chapter 1). For smaller models we reduce the limit to 2 a2
hours, whereas we set the limit to 48 hours for the very large instates Q,
R, and S.

The following remarks apply to models for which the trunk was subdi-
vided into several regions (see Table 6.10). With exception of the maads Q,
R, and S, the size of the regions apart from the main region is very safi.
Therefore, the ILP algorithm was used to compute a solution within a fev
minutes. The columns in Tables 6.11 and 6.12 indicate the algorithm that
was used to solve the main problem, i.e., the largest region. The size of
a solution in Table 6.11 is the sum of all regions, whereas the runtimes in
Table 6.12 hold for the main problem. For the models Q, R, and S, half of
the total runtime of 48 hours was spent on the main region, the otkr half
was equally distributed among the remaining regions.

A grid with 25 mm spacing was used for all models except the very small
model E, for which we constructed a grid with 12.5nm spacing. Grids
with 12.5mm spacing were also used for very small regions (typically storage
spaces next to wheel houses).

Let us rst consider non-(I)LP-based algorithms, i.e., the Greedy, RLS,
and Simple Il algorithm. Comparing the results of these algorithms it turns
out that in all cases the Easy II+RLS algorithm is better than or equal t o the
Matching+RLS algorithm. Moreover, Easy II+RLS is better than or equa |
to the RLS algorithm (2 exceptions), the maximum of all Greedy algorihms
(1 exception), and the Simple Il algorithm (4 exceptions). Therefore, the
Easy [I+RLS algorithm is clearly the best choice among the non-ILP-based
algorithms. If a rst estimate is needed and the available time is very shd,
we propose to use the Simple Il algorithm instead.

Now let us consider (I)LP-based algorithms, i.e., the ILP, LPR, and
Partition+ILP algorithm. The results of the Partition+ILP algorithm are
clearly worse than those of the other (I)LP-based algorithms. The esults
get even worse when the number of cutting planes, and hence theimber of
subproblems is increased. As expected, the ILP and LPR algorithm praate
very good results on small models (see models D to H1). Larger instees
(above ca. 200 liters) are too complex to be handled by these algohitns
within the time limit of 24 hours. The results of the Matching or Easy Il
algorithm combined with the ILP or LPR algorithm are very close; the resuts
for the combinations involving the LPR algorithm are slightly better than
those using the ILP algorithm. Apart from the set of small models D to
H1, the results of Easy II+RLS are often better than or equal to those of an
(DLP-based algorithm.



time Match. | Easyf. Match. | Easyf. Match. | Easyf. Match. | Easyf. | Simple- | Part.
model| it | €Y | har | +or | P | ap | +p | FPR O spr | 4PR | RYS | 4RLs |4RLS | I | 4ILP
A 24 265 268 271 270 269 269 269 | 269 270 272 270 260
B 24 382 386 387 390 387 390 390 | 385 387 389 384 379
C 24 502 506 507 507 506 506 506 | 507 507 507 507 497
D 12 56 59 59 62 60 61 61 59 61 62 60 61 60 60
E 2 5 7 6 7 7 7 7 7 7 7 7 7 6 7
F 2 47 48 48 50 49 49 50 50 50 49 49 49 47 48
G 12 74 76 77 80 78 79 80 78 80 78 78 79 77 79
H1l 24 167 169 168 | 170 170 170 | 171 171 171 170 170 170 165 170
H2 24 250 250 255 a 255 252 a 256 255 | 255 253 254 248 246
11 24 204 203 203 a 207 206 a 209 206 | 204 205 206 203 206
12 24 307 316 319 a 321 313 a 321 321 315 319 321 312 307
J 24 318 321 324 a 326 324 a 325 324 | 320 323 325 322 322
K 24 376 384 389 a 388 388 a 390 391 | 385 387 390 385 381
L 24 394 394 394 a 394 394 a 394 394 | 394 394 394 394 391
M 24 420 424 424 a 425 425 a 425 425 424 425 425 425 422
N 24 467 473 474 a 475 474 a 474 474 474 475 475 473 475
0] 24 483 485 488 a 489 491 a 489 487 487 486 491 492 440
P 24 694 712 717 a 717 712 a 716 695 a 715 720 708 702
Q 48 1188 1189 1189 a 1191 1191 a 1191 1191 | 1190 1191 1190| 1189 1190
R 48 1716 1747 1747 a 1743 1740 a 1743 1746 a 1747 1750 | 1751 | 1750
S 48 2031 2051 2058 a 2021 2031 a 2060 2066 a 2054 2059 | 2068 | 2003

@ The instance is too large to be handled by this algorithm.

Table 6.11: Comparison of packing sizes. For each algorithm the tabliésts the size of the packing that was achieved within
the given runtime limit. The ILP algorithm is the preferred choice for smaller instances, whereas the Matching+RLS is a good

candidate for larger problems. The Simple Il algorithm is a recommendd alternative if a fast solution is needed.
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time Match. | Easyf. Match. | Easyf. Match. | Easyf. Match. | Easyf. | Simple- | Part.
model| it | €Y | har | ser | P | ap |+ | SPR | spr | 4PR | RYS | 4RLs |4RLS | I | 4P
A 24 6 42 413 a 376 1440 a 150 1440 |1440° 1440° 1440° 61 | 1440°
B 24 6 40 382 a 485  144Q a 286 1440 | 14400 1440 1440° 54 | 1440°
C 24 6 40 250 a 14400  1440° a 14400 1440° | 1440° 14400 1440° 56 | 1440°
D 12 1 8 80 | 720° 58 7200 18 85 689 | 720° 7200 720 9 720b
E 2 1 120° 120 2 120° 120 2 120° 120° | 120°P 120°  120P 10 1
F 2 1 7 61 30 55 120 30 34 120 | 1200  120°  120b 10 120
G 12 1 10 114 | 720° 59 7200 | 720P 41 7200 | 720° 720  720° 14 720b
H1 24 1 22 166 |1440° 1065  144(¢ |1440° 263 1440 | 1440° 1440 1440° 20 | 1440°
H2 24 4 31 269 a 888 1440 a 167 144 | 1440° 14400 1440° 40 | 1440°
11 24 4 43 438 a 615 1440 a 218 1440 |1440° 14400 1440° 39 | 1440°
12 24 5 45 421 a 1419 1440 a 255 1440 | 14400 14400 1440° 48 | 1440°
J 24 5 31 294 a 762 1440 a 467 1440 |1440° 1440° 1440° 47 | 1440°
K 24 6 36 361 a 644 1440 a 257 1440 |1440° 14400 1440Q° 50 | 1440°
L 24 1 26 157 a 14400 1440° a 14400 14400 | 1440° 14400 1440° 16 585
M 24 4 26 234 a 583 1440 a 550 1440 | 14400 1440 1440° 39 | 1440°
N 24 5 21 177 a 192 1440 a 249 1440 |1440° 14400 1440Q° 31 311
o) 24 7 43 419 a 391 1440 a 14400 14400 | 1440° 14400 1440° 54 | 1440°
P 24 13 57 547 a 1244 1440 a 859 1440 a 14400 1440° 89 | 1440°
Q 48 3 19 250 a 190  144¢ a 199  1440¢ | 1440 1440° 1440° 32 39
R 48 29 132 1030 a 14400 1440° a 14400 1440° a 14400 1440° 89 | 1440°
S 48 34 173 1440 a 14400 1440° a 1440 1440° a 14400 1440° 212 651

@ The instance is too large to be handled by this algorithm.

SIWHLIHOOTY 40 NOSIdVdNOD ‘€9

b The algorithm was stopped after the time limit was reached.

Table 6.12: Comparison of runtimes. For each algorithm the table listahe actually needed runtime (in minutes). The Greedy
and Simple Il algorithms are the fastest algorithms, whereas the RLS kyorithm always utilizes the available runtime by design.
Combinations involving the Matching algorithm are faster than those using the Easy Il algorithm due to the smaller number
of subproblems.
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The corresponding runtimes are shown in Table 6.12. As a general sér-
vation, the runtime increases with the problem complexity, which is in dose
relation to the discrete trunk volume. This relation can be directly observed
for algorithms that nish within the given time limit, e.g., the Greedy and
Simple Il algorithm. A second factor that in uence the problem complexity
and runtime is the shape of the trunk.

The Greedy and Simple Il algorithms are also the fastest algorithms.
In contrast, RLS based algorithms always utilize the available runtime by
design. Combinations involving the Matching algorithm are faster than those
using the Easy Il algorithm. This is due to the fact that the number of
subproblems generated by the Easy Il algorithm is six times as high as in
the case of the Matching algorithm. Therefore, the Easy Il algorithm often
reaches the time limit, whereas the Matching algorithm usually nishes nuch
earlier. As pointed out at the beginning of this chapter, all runtimescan be
reduced by a factor of two or three on modern x86-based hardwe.

We can summarize these ndings in the following guidelines:

2 For small models (up to 100 liters), use the ILP algorithm.

2 For larger models, use the Easy II+RLS algorithm.

2 |f a fast estimate is desired, use the Simple Il algorithm.

We mentioned in Chapter 1 that, apart from the major objective of max-
imizing the number of boxes, there are also minor objectives regaimty the
structure of the packings. Tight packings and packings where thenajority
of the boxes have the same orientation are preferred.

Due to the discrete model, all boxes are aligned with the axes of the
coordinate system of the underlying grid. If the trunk was subdividel in
several regions, there is a small, limited number of such alignments.

Moreover, the Easy Il algorithm ensures that the boxes in the corei.e.,
the boxes packed in the rst phase, have the same orientation (se€ig-
ure 5.4). This property is not guaranteed for the Matching algorithm, but in
general holds for the majority of the boxes (see Figure 5.3). Thei@ple Il
algorithm packs the majority of the boxes in the rst iteration, resulting in
the same orientation (see Figure 5.1). In contrast, solutions prodced by the
Greedy, ILP, LPR, RLS, and Partition+ILP algorithm do not exhibit any
visible structure. Therefore, in reality, the reproduction of a padking with
a physical mockup is much easier if the packing results from the Mating,
Easy Il or Simple Il algorithm.

These algorithms are also favorable with respect to the second mino
objective. The Easy Il algorithm always produces a tight core packirg. Un-
covered space can still occur in the outer parts of the trunk, whik are packed
in the second phase of the algorithm. The same holds in most cases the
Matching and Simple Il algorithm. If the Greedy, ILP, LPR, or RLS al-
gorithm is used directly, uncovered grid cells are scattered througput the
whole trunk.

All'in all, the presented algorithms do no only pursue the goal of packg
a high number of boxes into the trunk, but also address the minor ofectives.



Chapter 7

Summary

7.1 Conclusion

In this thesis we presented a combinatorial approach for the trunkpacking
problem according to DIN 70020. This problem di ers from many packirg
problems studied in the literature insofar as the container has an iregular
shape and the number of items to be packed is very high. Apart from
the continuous SGCSA approach, our approach is the rst fully autanated
solution for this problem.

We showed that this packing problem isNP -complete and gave a polyno-
mial-time approximation scheme. Unfortunately, this approximation scheme
is only useful for huge instances, but it inspired the Partition algorithm.

We discretized the problem in a two-fold way: discretization of the spce
and restriction of the feasible box placements. Our classi cation algathm
for the cells of the discretized space is able to handle the de ciencies the
input data, in particular, the holes in the boundary description of the trunk.
We also presented a heuristic for the reconstruction of the face aimals,
which are crucial to exploit speci ed tolerances for the trunk geoméy.

We formulated the discrete packing problem as an integer linear pragm
based on the complete clique formulation. To strengthen this formlation, we
dynamically added violated lifted odd hole inequalities during the branch
and-bound phase. It turned out that, even with the help of stateof-the-
art ILP solvers, this approach is practicable only for instances up to hout
100 liters.

Therefore we presented di erent heuristics capable of handling lager in-
stances, e.g., the LP Rounding, the Reactive Local Search, and therple Il
algorithm. A second class of heuristics reduces the packing probleto a set
of smaller subproblems. For example, the Matching and the Easy Il alg-
rithm produce solutions that exhibit a regular structure, similar to m anually
constructed packings. Combinations involving one of both algorithns gen-
erate very promising solutions.
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We tested our algorithms on a large set of real-world instances andhm-
pared the results to solutions produced by human experts. It turred out
that the best results are obtained by a combination of the Easy Il ard the
Reactive Local Search algorithm, whereas the ILP formulation is the miiaod
of choice for smaller instances. We propose to use the Simple Il algohtn if
a fast estimate of the luggage capacity is needed. We have seen thiae size
of a packing often can be signi cantly improved by subdividing the trunk
into several regions, which are discretized independently based dhe local
geometry of the trunk. In most cases, we meet the prescribed glity bounds.
For some instances, we even signi cantly outperform the expert dations.

The algorithms presented in this work as well as the continuous SGGS
approach are implemented in an industrial-strength software systm, which
is used by our project partner in the design process of new cars.

7.2 Further Work

In this section we present some directions for further research.

The SAE Packing Problem

A natural extension of this work is to adapt and extend the preseted algo-
rithms to the SAE packing problem (see Section 1.2). Similar to our paking
problem, the SAE packing problem is a three-dimensional packing pitdem
involving a single container with irregular shape. The main di erences &e:

2 Jtem size The SAE boxes are much larger than the boxes in our prob-
lem, e.g., an SAE box of type A has a volume of about 67 liters. Thus
the number of items that can be packed into a trunk is much smaller
than in our case, e.g., the trunk of a mid-size car usually contains aha
15 SAE boxes.

2 Jtem shape SAE boxes of di erent types are not congruent. The side
lengths of the boxes (with exception of the golf-bags and H-boxgsre
multiples of 0:5inch, but almost all side length ratios are not integral.

2 Weights The items contribute in di erent quantities to the objective
value. These quantities (veightsg correspond to the volume of the
respective item.

2 Subset selection The standard de nes which subsets of a single (or
multiple) standard luggage set(s) are feasible. For example, it is infe
sible to pack the trunk using exclusively H-boxes of multiple standard
luggage sets.

2 Golf bag The standard luggage set contains an item that does not
have cuboid shape.

The adaption of our algorithms and datastructures to the SAE pa&ing

problem requires modi cations at several levels.
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The side lengths of the SAE boxes (with exception of the golf-bagsna
the H-boxes) are multiples of0:5inch (more precisely, only two side lengths
are odd multiples of 0:5inch). A grid spacing of 0:5inch is most probably
too complex for mid-size instances, but a spacing of:0inch seems to be
reasonable. The algorithms used in the discretization process camgly be
adopted to the new setting. Since the SAE boxes are signi cantly largr
than the DIN boxes, the ratio of the numbers ofInside “ cells to the number
of Inside cells increases. Additionally, we can handle holes in the boundary
description up to size ofl52mm£ 114mm which is the smallest cross section
of an SAE box.

Since the items are not congruent, the Matching and Easy Il algorithms
can no longer be used. Other algorithms, like the Greedy, ILP or RLS
algorithm, can be adapted to the new setting. Note that the strudure of
the con ict graph drastically changes. Due to larger item sizes, the amber
of anchor cells in the grid decreases while the density of the con ict @gph
increases. Since we are dealing with non-congruent items, we do nohly
need a single node for each feasible pair of anchor cell and orientatiobut
also one node per item type.

The SAE packing problem can be reduced to aveightedstable set prob-
lem. Additionally, it is necessary to model various other constraints e.g.,
the limited number of items per type in a standard luggage set, or theorder
in which the di erent item types are to be considered.

Stronger ILP Formulation

In Section 5.1.2 we presented an ILP formulation based on maximal clique
constraints. We also proposed lifted odd hole inequalities to strengien
the problem formulation. Unfortunately, the experimental results in Sec-
tion 6.1.2 do not show a clear benet of these inequalities. More detailed
studies are necessary to understand why the lifted odd hole ineqlies do
not help in practice.

Several other classes of facet-de ning inequalities are known in thht-
erature. Strijk et al. successfully usenodk cuts for a stable set problem
arising from map labeling [SVAQOOQ] (see also [CFLOO])Trotter  gives a gen-
eralization of odd holes known asvebs[Tro75]. Cheng and Cunningham
introduced wheel inequalities [CC97].

It would be interesting to study the in uence of these inequality classs
on our problem instances. An e cient algorithm for the separation problem
(speci cally for our case) is an important element for an overall perbrmance
improvement.

Optimal Grid Placement

In Section 4.5 we discussed how to obtain a good placement for the grid
The presented approach can improved with respect to the objeate function
as well as the optimization method.
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We used the number ofinside cells as objective function to nd a good
grid position. We also mentioned that a criterion like this has its drawbacks
(see also Figure 4.10 and 4.11). We propose to consider not only them-
ber, but also the arrangement ofinside cells. One idea is to consider the
number of grid cells in each row of the grid. Letk denote the number of
adjacent Inside cells in such a row. At leastk mod n out of the k cells
are never covered by any boxes. Depending on the orientation ohé boxes,
this number increases tok mod 2n or k mod 4n. We propose to incorporate
these quantities into the objective function. Another idea is to lookat the
boundary faces of the union of allinside cells. Large planar faces indicate
a regular structure that is pro table for packing purposes.

We used a brute-force approach to compute an optimal placemenbf
the grid. This approach can easily be replaced by local search metts,
which are likely to produce equal (or better) grid placements in shaer
time. Note that the objective function is discrete; thus there is nonotion of
gradients. We propose to use local optimization methods con ned téunction
evaluations only. Suitable algorithms are for example the downhill simfex
algorithm by Nelder and Mead [NM65], Powell 's method [Pow65] or
pattern search [HJ61]. Implementations of the rst two algorithms can be
found in [PTVF99]. Note that these algorithms compute local optima, and
not necessarily the global optimum. Several restarts with a randmly chosen
starting point should produce a grid placement close to the global gjmum.
Such an approximation of the global optimum is su cient in our case.

Di erent Box Geometries

Although the size of the boxes is de ned in DIN 70020 [Deu93] as exactly
200mm£ 100mm£ 50mm, other interpretations of this standard exploit
tolerances speci ed in 1ISO 3832 [Int02] to reduce the e ective size ofhie
boxes. The latter standard permits tolerances of up to tnm for the side
lengths of the boxes. Hence the boxes can be as small EBO9mm£E 99mm£E
49mm. Moreover, the edges of the boxes can be rounded to some extefo
be more precise, edges and vertices may be replaced by surfacéchas from
cylinders and spheres with a radius of up to 18&m. These modi cations
allow to pack more boxes into the trunk. Since the volume of such a bois
still counted as one liter, the luggage capacity of the trunk increass.

Unfortunately, the new boxes (without rounded edges) no longehave
side length ratios of 4 : 2 : 1 and therefore do not t on a cubic grid.
The best we can do is packing boxes of siZO9IMmME 99.5mm£E 49:75mm by
using grids with spacing 49.75nm (24.875mm, 12.437%nm) instead of 5anm
(25mm, 12.5mm).

Boxes with rounded edges are advantageous near the boundary the
trunk. The use of such modi ed boxes is most likely to increase the nuimer
of boxes that can be packed. The discretization process can beterded to
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handle the new item shape as follows: Conceptually, all cells of the gridre
replaced by rounded cubes with the same extension. This modi catioteaves
tiny regions of the space uncovered. Hence it is possible that a boxigned
with 4n £ 2n £ n Inside cells still intersects the trunk boundary or given
boxes. It is necessary to maintain a blacklist of such box placementsThe
integration of rounded boxes requires an extension of the existingtersection
predicates. Besides the casesiangle box and box box, we also need to
handle the casedriangle rounded box and rounded box rounded box
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